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SUMMARY
The object of this investigation is to review the 
rational and safe use of plain, reinforced and prestressed 
concrete as structural media.
Developments in technology seem to precede science, 
which in turn has to explain these achievements systematically 
and rigorously. This order of events, in the case of 
concrete technology, stretches back thousands of years, 
yet only centuries to the beginnings of conscious' 
scientific postulations. Therefore, it should not be 
surprising that even today many inconsistencies, or indeed 
contradictions, persist to cloud fundamental issues with 
regard to safety.
Following a systematic historical review, and an 
explanation of the present State of the Art, the Author 
presents simple design recommendations based on a full 
recognition of the fundamental role of the tensile strength 
of concrete, bearing in mind its inherent elasto-plastic 
properties. These recommendations acknowledge the 
rationality of the current ultimate limit state concepts 
with respect to flexure and postulate straightforward yet 
safe proposals for resolving the continuing confusion with 
regard to combined shear and flexure.
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INTRODUCTION
It is curious to observe that in our three dimensional 
Universe engineers responsible for some of the most recent 
technological advances in three dimensions are content to deal 
in theories of only one dimension and to console themselves 
with the notion that these theories always approximate 
adequately to their required solutions.
The structural medium in question is concrete and the 
theories those relating to its deformation and fracture.
With a prodigious volume of investigation into these 
topics there is still no concensus on a suitable model to explain 
the experimental findings, in spite of the fact that it can be 
argued that evidence exists of sufficiently good agreement
between accepted theories applied to Rock Mechanics and a 
number of prominent features of the experimental data on concrete.
It appears that preoccupation with stress rather than strain 
modelling prevents better elaboration of the general theme and 
the thrust of further investigations ought to be directed towards 
better understanding of strain rather than stress limitations 
as the primary feature of concrete behaviour.
In practical design application, as distinct from general 
theories of rupture, but as a direct consequence of the prevailing 
order there also is still no accurate theory for predicting the 
strength of reinforced or prestressed concrete members subjected 
to shear forces. The ACI-ASCE Committee 326 (1962)stated that 
"Despite the tremendous amounts of references on the subject the 
question of shear strength is far from settled".
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As long as there is strong disagreement on the nature of the
mechanics of failure, it is futile to claim an understanding 
of shear failure itself.
According to Kani (1979): "shear stress seems to have no
direct relationship to shear failure. We have two choices
(1) - Drop the shear stress concept and look for alternative
indicators of shear failure.
(2) - Try an empirical solution based on a sufficient number
of variables and therefore a large number of tests."
Any increase in analytical capacity must be matched by an 
increase in our knowledge of materials and their technology. 
Structural optimisation has to be tempered by better understanding 
of possible modes of failure and their consequences.
Present day economic difficulties will not help in 
obtaining the necessary finance to support materially expensive 
research programmes. It is essential, therefore, if momentum 
of progress is to be maintained, that more brain power, 
imagination and ingenuity is employed rather than crushed 
experimental specimens, as indeed was done at the beginning, 
giving birth to the word engineer a millenium before engine 
was invented. Therefore instead of haphazard experiments from 
which one tries to evolve a theory, it is more fitting to stretch 
one's mind and postulate a hypothesis on a philosophical basis and 
then proceed with a systematic evaluation of existing experimental 
evidence supported only when necessary by additional experiments.
The object of this investigation is to review the rational 
and safe use of plain, reinforced and prestressed concrete as 
a structural medium.
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HISTORICAL BACKGROUND
No single date in history heralds the birth of concrete 
for it evolved over many centuries. Its beginnings, however, 
are thought to stretch back prior to 2,500 BC somewhere in 
South America where,despite conflicting evidence,it appears 
that the Incas knew of cementitious materials. Egypt too 
cradled the evolution of concrete; structures such as the 
Great Pyramid and ./the Pyramid of Cheops depict the use of 
gypsum and lime mortars respectively. The use of the latter 
is recorded from a time dating as far back as about 1,950 BC-.
In Europe the Etruscans knew of lime concrete and this in 
turn led to its use by the Romans who progressed to the 
development of pozzolanic cement in 75 BC. The name pozzolanic 
originates from the place Pozzuoli near Naples where the red 
volcanic powder was discovered.
Although, in its early stages of development, the Romans 
used concrete as an infill material, it gradually replaced brick 
and stone as the leading structural medium.
The Romans may also claim the invention of lightweight 
concrete. Despite the initial and somewhat unconventional 
method of the inclusion of large earthenware jars cast into 
.concrete walls and arches this was soon followed by the use of 
crushed pumice as an aggregate.
It was lightweight crushed pumice that was used in 
the Colosseum and the Pantheon. At this juncture one may 
add that the modern word concrete originates from the Latin 
concretus meaning grown together or compounded.
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From the days of the Roman Republic until the mid 
eighteenth century technology hardly advanced. One
could do no better than take a quote from a stunningly 
concise old text on ancient architecture - Saillard (1979)
"Since the old days of the Republic Roman masons were, on 
the basis of the fortifications built by the legions, inspired 
to build the core of their constructions in a conglomerate 
of stones of different dimension, connected with each other 
by a vulcanic product from the region of Pozzuoli. This core 
composed of freestones or marble chippings, constituted the 
living part of the structure for it is here where the solidity 
of the structure lies. Sometimes the masons used metal shingles 
or bronze hooks to consolidate or stabilise certain parts of 
the work.
These technical procedures offer immense possibilities, 
because they permit to build fast without resorting to specialised 
personnel, and in this way to use the labour of the barbarian 
prisoners, only the building of the external ornaments required 
qualified masons.
In other respects, this technique called Opus Caementicuum 
is very economical. For, whatever the dimensions of the work to 
be built are, it is not necessary as the Greeks had done to
y
assemble and to transport, often for long distances, a considerable 
quantity of precious materials. Often the stone of the previous 
ruins are perfectly adequate.
Economy of materials, non-qualified labour, rapidity of 
execution, practically limitless technical possibilities explain 
the development of the Opus Caementicuum in the Empire."
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During their occupation of England the Romans used concrete 
extensively as a structural material, however, following the 
decline of the Roman Empire, concrete apparently ceased to be 
used in construction until a revival in Norman Britain when 
crushed bricks were employed in a lime concrete in an apparent 
attempt to copy the Romans' pink pozzolanic concrete. Examples 
include Reading Abbey and the foundations of Salisbury Cathedral 
spire (see Figure 1).
FIGURE 1 - Reading Abbey, built in AD 1121. The Norman concrete 
formerly faced with masonry, can be clearly seen.
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A lull reoccurred during the Middle Ages and concrete was 
mainly utilised for foundation work, however, it once again 
emerged from obscurity in 1756, the year in which John Smeaton 
was commissioned to build the third Eddystone lighthouse, using 
a mixture of Aberthaw Blue Lias and Civitavecchia Pozzolan 
Since this occasion it has not drifted back into the darkness 
but fully arrived in 1824 when Joseph Aspdin patented the first 
Portland cement.
Developments in technology always seem to precede science 
which has to systematically and rigorously explain this 
achievement.
There is a dychotomy at the root of engineering, often 
referred to by contrasting art with science or theory with 
* practice . Such outstanding physical achievements as the
building of the Pantheon or Santa Maria del Fiore - Parson (1968) 
see Figures 2 and 3, preceded the development of the mathematical 
theory of structures by many centuries; it is not surprising, as 
it was normally expedient, that problems were approached in a 
piecemeal manner as they presented themselves - induction rather 
than deduction being employed in establishing the majority of 
many engineering theories.
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FIGURE 2 - Cross-section of the dome of Santa Maria del Fiore.
From Sgrilli's Descrizione e studi dell' insigne 
fabbrica de S. Maria del Fiore (Florence 1733) .
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FIGURE 3 Plan of the Santa Maria del Fiore dome, showing main 
and secondary ribs.
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The appearance of the steel frame in the 19th century, 
the structural medium par excellence, created an illusion that 
at long last it would be'possible to reconcile the irreconcilable, 
to arrive at deterministic answers within the probabilistic 
science of engineering. However, by the end of the 19th century 
a new and very complex structural material, reinforced concrete, 
entered the scene. Figure 4 illustrates how, within a relatively 
short time, Francois Hennebique (1842-1921) acquired a mature 
understanding of the new medium as compared to the brave but 
rather artistic approach of the Swiss pioneer Monier -
Calzona & Guidi (19 75). Real strides were also made by other 
pioneers such as Lambot and Coignet, followed by theoreticians 
like MOrsh, Hyatt, Considere, Tedesco and others.
rOicK
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FIGURE 4 - Solutions in reinforced concrete by Hennebique and 
Monier
In the design of his bridges (Rome 1910 and Liege 1912) 
Hennebique has demonstrated a modern understanding of concrete 
as a structural medium, yet some eminent theoreticians were 
incensed at the time by his disregard of the laws of elasticity 
- Abeles (1976), see also Figure 5.
FIGURE 5 - Road bridge at Le Catellenault (Vienne), 144 m long,
50 m and 40 m spans, constructed in 1899 to
Hennebique1s design
Hennebique structures were an instant success from the 
beginning. They withstood all tests prescribed by the municipal 
authorities and satisfied the specifications of the engineers. As 
result of their strength and low cost, these structures were soon 
adopted for many important building schemes. Figures 6 and 7 are
typical of the continuous Hennebique beams.
FIGURE 6 - Connection of a continuous girder to a column. 
Hennbique columns and beams.
FIGURE 7 - Section of reinforced concrete girder
In considering Hennebiquefs achievement it is natural to 
look for the reason for the typical traits he has adopted in his 
designs. These may be summarised as follows:
1) Conservative end bearings for beams.
2) Ample lap of rods over supports combined with end anchorage.
Thus it will be noted that in the Hennebique designs the
work is well tied together , the very feature missing in Ronan
Point and adjudged as one of the causes of its collapse -
- Decision of the Court of Appeal (1981).
3) The bending up of a part of the main flange reinforcement 
in a manner that enables it to act in resisting vertical 
shear at the support.
As for the stirrups used by Hennebique they were spaced in 
a manner which gave them good anchorage at the top of the beam 
and kept them totally surrounded with concrete unlike some of 
those employed at a later date by other constructors.
Similar awareness, so often displayed by the early pioneers 
can also be shown by Hyatt and Considere. Hyatt combined rein­
forcement with Portland cement concrete as a building material and 
referred to the economy of metal in construction and also to its 
security against fire in the making of floors, roofs and walkways
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in his book "Portland Cement Concrete" which dates from 1877 
and even includes detailed results of fire resistance tests, 
see Figure 8.
:£=:
FIGURE! 8 - Thermal diagram.
"Thermal Diagram, showing the heat imparted to iron bars 
when protected by 2, 3 and 4 inches of Concrete, placed in the 
arch of a furnace and heated for 12 hours the underside of concrete 
being red hot in 2 \  hours after being lighted.
From the Figure it will be seen that in 3 hours after the 
fire was lighted, or at 8 a.m., the temperature of iron protected 
by 2 inches of concrete was 250°, in 5 hours, or at 10 a.m., it 
was 650°; and finally, at the end of 12 hours, 900°, or red hot 
in the dark; while the iron protected by 4 inches of concrete for 
5k hours did not exceed 212°; in 8k hours the temperature was 
450°, and at the end of 12 hours, 550°, or less than the melting 
heat of lead, an intense heat being maintained the whole time, 
and the temperature noted every few minutes." Hyatt (1877)
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To Armand Considere belongs the credit of the invention of 
the safest and most conservative type of column design, that is, 
the hopped and vertically reinforced column.
In glaring contrast to Hennebique1s understanding of the need 
for reinforcement over supports combined with end anchorage and 
tying together of various elements, the "Kahn System" - Turner (1909) 
of the same period has a distinctive feature of concentration on what 
may appear as an intellectually brilliant trussed bar, see Figure 9.
FIGURE 9 - Kahn trussed bar, alternating type.
The projections of which, however, terminate at the very points 
where they are most essential for the retention of the monolithic 
character of a reinforced concrete frame.
In theory the Kahn bar is supposed to act with the concrete 
in a manner like that of the Warren Truss, and proof of this 
theory as proposed by the promoter of this type of reinforcement, 
reminds one of the story of friendly discussion between two 
lawyers, in which the question came us as to who was recognised 
as the most prominent attorney in the place.
"I am of course" said the first. "How can you prove it?" 
asked his friend. "Why I do not need to prove it, I am willing 
to admit it", replied the first.
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In a similar way, the promoter of this system apparently 
propounds convincing proof that the bar behaves in the manner 
claimed.
A comparison of the fin with the "Cummings loop" will show, 
firstly, that there is no positive anchorage in the upper or 
compression area of the beam; the entire performance is dependent 
on the adhesion between the fin and the concrete for a very short 
length of fin. Secondly, it is usual for the®fin not to reach 
the compression region. And thirdly, that at the end where the 
shear is greatest the fins are necessarily shorter than towards 
the centre where the amount of shear is much less.
No test results have been obtained that indicate that this 
trussed bar can be substituted for plain bar reinforcement properly 
and scientifically placed. It is not suggested that there have 
been no good serviceable buildings constructed using this type 
of reinforcement, however, due to insufficient lap over supports 
which often occurred in this design, together with the lack of 
provision for shear at the ends, resulted in numerous and serious 
failures.
The detail of the beam used in the Bixby Hotel at Long Beach, 
California - Turner (1909), Figure 10, and the accompanying 
Figures 11 and 12 show the failure of the main beams by shear 
and total collapse of a large section of this building.
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FIGURE 10 - Detail of beam in the Bixby Hotel, Long Beach, California
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FIGURES 11 & 12 - Failure at the Bixby Hotel, Long Beach, California
Figure 11 shows the shear failure of the beams at their 
connections with the columns. Figure 12 once more indicates 
this failure of beam by shear at the column connection and the 
general inefficiency of the bar at the support in taking care 
of the shear unless the rod be bent downward and continued from 
column to column.
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It has been considered that if the centering had been left 
in place for a further six months there might not have been any 
serious problem with this construction. However, one must bear 
in mind that as an engineer one cannot regard as legitimate the 
kind of design which must be treated with such a degree of care 
since there is no need for designing in a way which would leave 
a chance for such a sudden and complete failure.
With reference to the beams used in this building it should 
be noted that the length of bars used in the upper storeys could 
not have lapped more than two inches, provided that they were 
placed absolutely symmetrical about the centre of the beam. It 
seems unlikely that this tolerance was observed by the workmen 
as a result the total shear resistance became dependent on the 
properties of the concrete section, i.e. its shearing value 
together with the somewhat insignificant resistance offered by 
the adhesion of green concrete in contact with downward projecting 
fins of the short bar placed in the top of the beams over the 
support in an attempt to secure partial continuity.
FIGURE 13 - Failure at the Bixby Hotel, Long Beach, California
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The same defect came to light in another failure where 
there was loss of life, that is the Eastman Kodak Company 
building in Rochester N.Y. - Turner (1909). In addition to 
the inefficient beam design noted in the last example, the 
columns in this case were constructed with four of the bars 
desrcibed previously, their fins facing inwards. The columns 
tended to be weak, due to the lack of solid casting as well as 
the beams lacking in strength in the respects already noted. 
See Figure 14.
FIGURE 14 - Failure of Eastman Kodak Company building at Rochester N.Y.
As with the previous failure it has been suggested that had 
the centering been left in place for a further eight to ten weeks 
no failure would have occurred.
Figure 15 shows a test which was carried out on the roof near 
the point of failure after it had been given more time to harden 
prior to the centering being removed.
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FIGURE 15 - Test on roof of Eastman Kodak Company building made
after the concrete had been given more time to harden.
An obvious fault with the bars in this system lies in the 
fact that they are flat and hard to get thoroughly surrounded 
and covered completely with concrete. They also proved more 
difficult to handle in erection than plain rounds. Economically 
in comparison to plain rounds the cost of their overall production 
would yield fifty to sixty per cent efficiency.
It is evident that the representatives of this system 
profited by the Rochester failure since many of them stated that 
they were no longer pushing this type of column but that they were 
using a conservatively designed column of the Considere type with 
spiral hooping and vertical reinforcement.
Another type of failure which has frequently been occurring 
is namely the failure of the "Independent Beam Connection". 
Illustrated in Figures 16 to 20 are a series of views of collapses
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which occurred with this type of construction in 1909. Although 
the building in question was passed by the Building Department 
of the City of Chicago, and undoubtedly was assessed in accordance 
with the Building Laws of that city, it failed to meet ordinary 
common-sense standards for safe construction.
Figure 16 shows the general features of this construction.
The following features should be noted, firstly: the frame proper 
is a structural frame encased in concrete. Secondly, the beams 
are independent "T" beams, cast so that there are full bearings 
at the ends. The reinforcement of these T beams consists of rods 
at the botton and bent rods somewhat similar to the Hennebique 
variety.
FIGURE 16 - Showing independent beam construction.
The saw tooth roof of this building is shown in Figure 17.
It consisted of the above mentioned beams placed on the structural 
frame encased in concrete. The independent beams were provided 
with steel loops at their ends to be used when placing the beams. 
Since there was no reinforcement in the top of the beams it was 
necessary to handle them right side up and with care as the 
slightest inversion of the beam would crack it by its own weight.
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The space between the teeth was to have cinder fill and the 
usual waterproofing. However, prior to completion 
of the coating the cinder fill was saturated by rain resulting 
in the collapse of a substantial part of the construction.
FIGURE 17 -
Figures 18 and 19 show views of the collapsed sections, 
the former showing a section of the side wall of the building. 
Here, the lack of bond between the concrete beams and the wall 
can be observed. The beams being merely set on a corbel built 
out from the side of the wall. The latter Figure shows to a 
greater extent the somewhat lacking corbel and also illustrates 
how the concrete had scaled completely from the side of the 
double channel structural main beam which is hanging down in an 
inclined position.
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FIGURE 18 - Failure of a Chicago building constructed of independent
beams
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FIGURE 19 - Inside view of walls after collapse. Independent 
beam building.
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Figure 20 shows the lateral sag of the independent roof 
beams.
FIGURE 20 - Showing lateral sag of independent roof beams
A watchman was killed in the incident which indicated the 
lack of judgement demonstrated by the class of architects who 
were willing to believe that they were experienced in this line 
of construction without training or practical experience and 
were not averse to taking any kind of chance. They considered 
that this type of construction requires no brains and no 
experience because it is simply a question of the combination 
of "mud and steel" - Turner (1909).
The fact cannot be too strongly emphasised that the science 
of correct and economic construction in reinforced concrete is 
a speciality in itself. It is a business that cannot be learned 
in a day or a week, nor can it be learned from text books alone.
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"The engineer who is a safe man and should command the 
confidence of the investor, is he who is thoroughly familiar 
not only with mere theories, but with all the details connected 
with the execution of the work, and who has studied carefully 
the strength of numerous constructions put up under different 
conditions at different temperatures, and knows with certainty 
the capacity that can be depended on to develop in the actual 
test of the finished work." - Turner (1909).
It is apparent that the following idea has occurred now 
and then to many individuals, that is, if they get the steel 
into the concrete some how that is all that is required. An 
interesting factor to note is that the strength will vary from 
100% to 1,000% dependent on the positioning and arrangement of 
the steel, and there is perhaps no line of engineering which 
requires greater skill and good judgement to get the best value 
for money.
In selecting this example of "idiotic construction" - 
Turner (1909), the author may not have done justice to the 
possibilities of independent beams. At the same time in 
Switzerland the casting of hollow beams, reinforced at the 
four corners, which could be handled without the danger of 
cracking, was proving very successful.
This radically dangerous feature of placing the entire 
weight to be carried on the corbel outside the face of the wall 
was recorded at the beginning of the century, however, it bears 
an amazing similarity to the exact detail found responsible for 
the Camden School collapse -
If it was not for the abundance of historic documentation 
it would be incredulous to claim that after almost a century of 
experience these designs described by C.A.P. Turner as "idiotic"
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in his paper "Concrete Steel Construction" 1909 - have been 
literally repeated in the 1960s and no words can better express 
the similarities than the photographs reproduced in Figures 21, 
22, 23 and 24.
FIGURE 21 - Damage to three storey office building by external 
blast of unconfined gaseous explosion.
(Courtesy: Building Research Establishment - 
Crown copyright reserved)
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FIGURE 2 2 - Explosion at Skovlunde, Copenhagen, Denmark in 1973 
(Courtesy: Building Research Establishment - 
Crown copyright reserved)
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FIGURE 23 - Explosion at Perpignan, France in 1973
(Courtesy: Building Research Establishment - 
Crown copyright reserved)
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FIGURE 24 - Ronan Point
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It appears ironic that the latter (Figure 24) became 
synonymous with bad design when it compares favourably with 
the former examples. These failures should be contrasted with 
the amazingly good performance of well detailed structures.
See Figures 25, 26, 27 and 28.
FIGURE 2 5 - Damage to reinforced concrete building 0.16 km from 
ground zero at Hiroshima, Japan.
(G lasstone, 1964 Courtesy: Department of Energy)
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FIGURE 26 - Wartime damage in England to a reinforced concrete building 
by local high-explosive blast; the bomb exploded internally 
(Courtesy: Building Research Establishment - 
Crown copyright reserved)
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FIGURE 27
FIGURE 28
Damage to West German Embassy, Stockholm, Sweden 
(Granstrom and Carlsson, 1976)
Explosion on ground floor of 16 storey block of 
apartments, Mersey House, Bootle near Liverpool 
(Courtesy: Building Research Establishment - 
Crown copyright reserved)
BH
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Lightly stressed structural steel comes very near to the 
ideal of a perfectly elastic, homogeneous and isotropic material 
a dream of those engineers concerned more with mathematical 
poetry than physical reality. On the other hand a simple, but 
already realistic rheological model representing concrete (the 
components of which are given in Figure 29) - Ferguson (1958), 
is shown in Figure 30 - Olszak, Kaufman, Eimer & Bychawski (1961' 
It depicts not only its elastic, but also thermo-visco-plastic 
character, including such phenomena as shrinkage and swelling.
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FIGURE 29 - Components of a concrete mix. (a) Cross sections of 
concrete showing coarse and fine aggregates separated 
by cement paste. (Courtesy Bureau of Reclamation)
(b) Quantities of each material in 1 cu.yd of concrete 
(Courtesy Bureau of Reclamation)
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A series of columns connected in 
parallel represents a concrete prism 
under axial loading. Each column 
constitutes a chain of mechanisms 
which in horizontal rows have a 
similar structure but different 
physical co-efficients representing 
various constituents of each chain.
The first horizontal row composed of 
springs, models elastic behaviour.
The second, springs enclosed in 
cylinders, introduces frictional 
forces and consequently represents 
energy which will be dissipated during 
loading. The remaining rows are 
composed of dampers with elastic 
pistons wmcn rorce out: or m  viscous fluid from the cylinders.
The dampers have capillary connections to a common reservoir 
filled with viscous fluid.
The model, as a whole, immediately demonstrates that, even 
the smallest deformations cannot be totally reversible; it being 
only the matter of sensitivity of instrumentation which is the 
limiting factor in establishing this fact experimentally.
Indeed, recent work by Spooner and Dougill (1975) clearly 
confirms this assumption (see Figures 31, 32, 33 and 34).
The thoughtful appraisal of Figures 29 and 30 alone should 
also be sufficient, without the need for laboratory tests, to 
expect that in extreme cases, with a rapid rise in temperature 
such as in fire, apart from ordinary spalling - Joint Committee 
of ISE and CS (1975), one should also expect explosion of concrete 
caused by superheated steam - Gerritse (1974), as well as implosion 
in the high intensity multiaxial stress field of atomic reactor 
pressure vessels - Garas (1977).
FIGURE 30
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FIGURE 31 -
Cyclic loading of a concrete 
specimen containing gravel 
aggregate
C om parative tests w h ere  specimens 
w ere loaded continuously lay betw een  
these extrem es
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FIGURE 32 -
First and second loading
cycles
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FIGURE 33 - 
Sequence of continuous 
cycles of loading of a 
concrete specimen con­
taining lightweight 
aggregate
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- 34 -
On the other hand, under normally prevailing conditions, 
the same physical properties, giving rise to visco-plasticity, 
constitute a kind of defence (self-defence) of concrete against 
overloading - Olszak (1968) and Abeles, Bobrowski, Bardhan-Roy 
(1976).
2 20
1000 2000 
STRAIN x 10s
2000
Acoustic emission
Energy method (W-f )
Change in in itial modulus
3000 
STRAIN x 10*
1000 2000
FIGURE 34 - Comparison of methods for detecting damage in 
concrete specimens
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"THEORIES OF STRENGTH" or "THEORIES OF FAILURE"
Since the ,17th century mathematicians have intruded into 
physics by developing a theory of structures; a number of 
hypotheses have been postulated. With the passage of time it 
was somehow forgotten that these hypotheses have never been 
proved, yet they have been honoured with the designation of 
"theories". The best known of these theories could be 
listed in historical order as follows: - Den Hartog (1961)
1) The maximum-strain theory
2) The maximum-stress theory
3) The maximum-shear stress theory
4) Mohr's theory
5) The theory of maximum distortion energy
Only the latter can truly aspire to a designation of "theory 
of failure". The first three are quite definite and therefore 
can be definitely demonstrated to be wrong, although the 
difference between the "maximum-shear stress theory" and the 
"maximum distortion energy theory" is less than 15% in all cases; 
a difference quite acceptable in engineering practice, especially 
when considered against a background of other imponderables which 
a designer must resolve.
"Mohr's theory" is indefinite and therefore could be more 
aptly described as a method rather than a theory. It directs that 
numerous experiments must be performed before deciding what is 
safe or unsafe. A beautiful summary was given by J.P. Den Hartog 
(1961) not only of the application of Mohr's procedures, see 
Figure 34, but also the use of Mohr's theory to obtain diagrammatical 
comparisons between the "maximum-stress theory" and the "maximum- 
shear stress theory" shown in Figure 35.
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FIGURE 34 - Mohr's theory directs us to make many experiments with 
various combinations of stress until, failure occurs and 
to plot the circles for such failure. Then the element 
is safe if its Mohr's circle lies entirely within the 
envelope of all previous circles.
FIGURE 35 - The s s diagram in which Mohr's circles are drawn. The 
maximum-stress theory guarantees safety in a vertical strip 
of infinite height; the maximum-shear theory gives safety 
in a horizontal strip of infinite length. The central, 
unshaded region is safe by both standards.
First, a pure shear test must be performed - circle 1 in 
Figure 34; a pure tension test - circle 2; a compression test - 
circle 3; a hydrostatic compression test - circle 4; and a 
hydrostatic tension test - circle 5.
In addition some more tests of a mixed nature, plotting the 
circles when the stresses have reached the value where undesirable 
things occur, must also be completed.
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These undesirable things may be complete failure, or the 
beginning of yield or some other limit state. 'Subsequently, the 
envelope enclosing all circles is drawn designating the safe 
region inside and unsafe region outside.
However, even to determine pure shear strength, in the case 
of concrete, is not a simple matter. As can be seen from Figure 
36(a) this particular configuration cannot lead to an 
accurate determination of pure shear strength; the method of 
loading itself giving rise to flexural as well as direct arching 
stresses. Theoretically, using Mohr's circles, shear stress should 
be given by the equation:
t  = 1/2 /Rt x Rc
where t = ultimate shear stress 
Rt* = tensile strength 
R = prism strength
Using the approach shown in Figure 36(b) a different formula 
could be derived, namely:
t  = /R^ x Rc
40 - ---------------------*
(a) (b) (c)
FIGURE 36
5335969017^6
Alternatively, from the arrangement shown in Figure 36(c) 
Gvozdev and Vasilyev (Calzona & Cestelli Guidi 19 75)
This whole problem was put well in perspective by Remo 
Calzona and C. Cestelli Guidi (1975) and is illustrated in 
Figure 37. The ratio of direct stresses and shear stresses 
divided by cube strength are being used as abscissa and ordinate 
respectively. The comparison is given between the theoretical 
Mohr's curve, the "critical curve" by Chalos and Beteille with 
experimental results of Bresler and Pister.
critical curve by Chalos and
, A1 . . , Beteille
Mohf's critical curve
• experimental results by Bresler
and Pister
a
0,1 0,2 0,3 0,4 I 0,5 0,6 0,7 0,8 0,9 1
FIGURE 37 - Critical curves by Mohr and Chalos-Beteille together 
with experimental results by Bresler and Pister.
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So in summing up one could do no better than to accept 
Den Hartog's conclusion that "Mohr’s theory" is beautiful but 
too complicated; that the "maximum-strain theory" historically 
the oldest, has been discredited by experiments; that the 
"maximum-stress theory" applies well to the ultimate failure 
limit of brittle materials, such as cast iron; and that the 
"maximum-shear theory" applies well to the beginning of yielding 
in ductile materials, such as steel.
Paradoxically, therefore, in the case .of concrete, which 
is often regarded as the most unscientific structural medium, 
it is necessary to become rigorously scientific in order to 
arrive at a satisfactory solution. Consequently it is necessary 
to develop an understanding of this material applying the "theory 
of maximum distortion energy".
This theory states that no yield will occur under triaxial 
hydrostatic compression or tension, no matter how high the stresses 
become. It was originally argued that the rock strata at great 
depths in the earth provides a practical illustration of this 
principle. Specific gravity of such rock is only about 2.5 and 
would therefore be comparable in strength to a good structural 
concrete. Within balanced triaxial stress fields such rocks 
behave quite well even though they must be subjected to stresses 
more than one order of magnitude as large as the crushing strength 
of normal structural concrete.
Tests at high pressure have been performed in the laboratory 
by the Nobel prize winner P.W. Bridgeman of Harvard University.
He-subjected ice to pressures as large as 1,000,000 psi and 
demonstrated that the ice did not crack.
Triaxial tension posed much harder problems yet the experiment 
was performed once by the Russian scientist Joffe. He used a solid 
glass sphere and cooled it off slowly, and gradually to the 
temperature of liquid air. In that state the sphere was presumably 
without stress. The sphere was then transferred from the liquid 
air and exposed to room temperature, and carefully watched. The 
outside layers of the sphere would warm up while the centre was 
still cold. The thermal expansion of the outer layers was 
prevented by the cold inside, thus putting the centre of the sphere 
in hydrostatic tension. This tension could not be measured 
directly, however, it was calculated by theories of heat 
conduction, which are fairly well founded. The analysis 
demonstrated hydrostatic tension at the centre of the sphere far 
greater than the ordinary uniaxial tensile strength of glass, yet 
the centre of the sphere remained clear and did not crack.
These experiments could be regarded also as a justification 
of the "maximum-shear theory". However, the main practical 
conclusion of the latter is that in pure shear yield would start 
at a shear stress half as large as the tensile stress required 
for yielding of the tensile specimen. Many recent and accurate 
scientific experiments have been carried out and it has been 
found that, in a triaxial field, this ratio of shear stress to 
tensile stress for yielding is actually somewhat larger than 0.5 
and is more nearly 0.57. This difference is explained 
•satisfactorily by the "theory of maximum distortion energy".
It is possible to show by fairly simple analysis that in the
case of simple tension with stress s, and in the case of pure shear
with stress s_ the following equation can be derived:O
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Under biaxial stresses and S2 yield will start according 
to this theory when:
S2 = S 2 + S 2 - S..S0 y 1 2 1 2
The locus of this equation is an ellipse and Figure 38 
illustrates a comparison between this and the other "theories" 
under biaxial stresses.
FIGURE 38 -
R
'X\
I
1
1
1
0 !L /////// // // ///
\S2
Various strength theories for a two-dimensional stress 
combination S„. The theory of maximum stress is 
represented by the square figure in this outline; the 
maximum shear theory is shown by the dashed figure; 
the distortion energy theory is shown by the ellipse 
in heavy outline.
Figure 39 gives a comparison of theories postulated by 
various researchers for concrete under biaxial stresses. These 
clearly illustrate that under multiaxial compressive stresses 
checking of safety according to uniaxial compressive strength 
leads normally to the under-estimation of ultimate bearing 
capacity; on the contrary, when shear compression (or tension 
compression) appears, an overestimation of ultimate load and 
consequently unsafe design is possible.
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1.25 fc
1.25 f '
X
--------- Kupfer et al (1969)
  Liu et al (1972)
   von Mises
--------  Suwalski & Zielinski (1964)
FIGURE 39 - Strength of concrete in biaxial stress state
From recognition of this fact a basic design philosophy for 
determining ultimate limit state of concrete structures was 
postulated by the author (1976, 1977) which is' embodied in the 
"Guidelines on Design and Detailing of Concrete Structures for 
Fire Resistance" (1978).
By qualitatively assessing the general pattern of crack 
propagation as shown in Figure 40 - Zielinski & Abdulezer (19 77) 
it is demonstrated that reinforced and prestressed concrete simply 
supported beams with bonded and unbonded, but mechanically 
anchored reinforcement, can display one of three types of 
ultimate behaviour patterns:
a) Failure in flexure - characterised by vertical cracks.
b) Failure under the combined effect of shear and flexure - 
characterised by bond imposed inclined cracks initiated 
by flexural tension.
c) Diagonal splitting under biaxial stress field in the web.
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FIGURE 40 -
B O N D E D  R E I N F O R C E M E N T E V E N T U A L
S P L I T T I N G
B O N D - S H F A R
S P L I T T I N G
F L E X U R A L  C R A C K S S P L I T T I N G  C R A C K
Generalised illustration of crack propagation in reinforced 
concrete beam with bonded or unbonded reinforcement. F„-F
Fx-F flexural vertical cracks 1 * 3B -Br inclined cracks due 4 . 5to tlie bond-imposed shear and conventlously called shear 
action. ^g“ S 7 diagonal splitting cracks due to ultimate
work at free body and arch model, 
order of crack appearance.
Nos. 1,2,3,etc. show the
Thus the ultimate capacity of reinforced and prestressed 
concrete members does not merely depend on the strength of 
reinforcement and concrete, and on the geometry of its cross 
section, but also on the pattern of loading, the latter having the 
major influence - Bobrowski, Bardhan-Roy (19 69) and The Structural 
Engineer (1970) . A parameter used to quantify this influence is 
given by the ratio of the bending moment to shear at the section 
investigated and it is often referred to as "shear span" denoted 
by the symbol 11 1. In order to render this parameter non- 
dimensional for general use a further ratio of shear span to 
effective depth:
v
d = Kv
has been introduced. At the variable distance X from the support,
the symbols will be 1 and K respectively.vx vx
- 45 -
The concept of nominal shear stress is not appropriate for 
cracked reinforced and prestressed concrete section. Resolution 
of the actual compressive forces in the concrete and tensile 
forces in the reinforcement from first principles can eliminate 
difficulties arising from the use of "nominal shear stress", 
which in many cases could be more aptly described as imaginary. 
See Figures 41 and 42 - Godycki, Cwirko (1968).
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a) Crack pattern
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FIGURE 41 - Summary of Watstein-Mathey1s tests
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FIGURE 42 - Influence of crushing strength of concrete (R ) on the 
magnitude of the ratio of ultimate moment (M ) to 
cracking moment (M^).
One of the following five limit states singly or in 
combination may be critical: flexure; axial compression; axial
tension; shear; and torsion.
Concrete structures act in the way that they are detailed and 
therefore it is inadvisable to attempt ultimate limit state analysis 
without first determining the arrangement of principal reinforcement.
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CURRENT PRACTICE AND ULTIMATE LIMIT STATES
The terminology used in concrete technology and design 
is of historical origin and evolved together with the development 
of the use of concrete as a structural medium. The expressions 
such as "reinforced concrete", "prestressed concrete" etc. as 
well as the so-called Classes defined by National (CP 110:1972 
and ACI 318-77) and International (CEB/FIP Model Code for Concrete 
Structures) Codes and Recommendations are really historical 
legacies. Relevant modern research and particularly work 
documented by Paul W. Abeles (1951, 1956 & 1971) and A.E. Naaman 
and A. Siriaksorn (1979), (Figure 43) provides more than enough 
technical justification on which a truly relevant and complete 
set of meaningful nomenclature could be postulated:
1) Plain concrete, sub-dividing into:
a) unstressed plain concrete
b) prestressed plain concrete
2) Reinforced concrete, sub-dividing into:
a) unstressed reinforced concrete
b) partly prestressed reinforced concrete
c) fully prestressed reinforced concrete
LOAD OR MOMENT
ULTIMATE LOAD 
UNDERREINFORCED
ULTIMATE RESISTANCE
ONSET OFYIELDING 
IN STEEL
FULLY PRESTRESSED
PARTIALLY PRESTRESSED
REINFORCED CONCRETE
(d)ULTIMATE LOAD 
OVERREINFORCED  
°^) hi t lu n r  i n n
CAMbER 0 ~ S DEFLECTIONZ
ftO
FIGURE 43 Typical Load Deflection Response of Concrete Structures 
(Naaman and Siriaksorn)
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Furthermore, it needs underlining that the use of a definite 
shear stress distribution introduced into the design of 
reinforced concrete by a French Commission in 1906,and based 
on the "elastic theory" of the German Professor M&rsch, while 
of value within the so-called "elastic range" of behaviour 
used in old fashioned working load design theories, has little 
relevance with regard to ultimate limit states. The comparison 
between Mttrsch and actual experimental results are well 
illustrated in Figures 44 and 45 taken from the work of Paolo 
Emilio Pinto and Remo Calzona (1971).
Significant progress can only be achieved by striving 
towards a better understanding of the actual physical phenomena 
accompanying ultimate limit states, instead of dwelling on the 
geometry of " un-cracked section" and "believing" that this will 
somehow represent also the ultimate "cracked" condition, if only 
a suitable, fixed numerical multiplier can be discovered,
Bobrowski (1976) . In the light of present knowledge the entrenched 
notions of a fixed modulus permitting the conversion of reinforced 
or prestressed concrete into equivalent plain concrete, as well as 
claims of basic differences between reinforced concrete and 
prestressed concrete at ultimate limit states, can be classed.as 
hardly more than superstitions.
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FIGURE 44 - The theoretical line according to Mdrsch and the actual 
deformations in stirrups - spacing of stirrups 250 mm
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FIGURE 45 - The theoretical line according to Mdrsch and the actual 
deformations in stirrups - spacing of stirrups 150 mm
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While it is always dangerous to generalise, it is even 
worse to dismiss a fundamental truth because of the simple fear 
that it might appear to be a generalisation. It i.s human to 
approach an ordinary problem in a simplistic or in a 
complicated way; however, the resolution of a complex problem in a 
simple way is a divine privilege. The history of science provides man 
examples of the fact that false hypotheses can survive centuries 
as a recognised theory because initially they were explained in an 
extraordinarily complicated way. Copernicus was described as a 
simpleton by Luther's leading physicist/who during the sixteenth 
century was still mesmerised by the intellectual brilliance of 
Ptolemy. In our times Einstein complained, with good humour, that 
after his theory was explained, with full mathematical rigour by 
mathematicians, he himself was no longer sure if he could still 
understand it.
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FIGURE 46 - Deformations and types of failure
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It is to Torroja (1958)(Figure 46) and not to Mdrsch that 
one has to turn to begin to understand the basic behaviour of 
concrete at failure. The difference between plain and reinforced 
concrete at this stage was brilliantly demonstrated by Zenon A. 
Zielinski (1967) in Figure 47.
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FIGURE 47
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It is self evident that this difference while being 
significant is certainly not basic. The significance lies 
mainly in the fact that a failure of plain concrete is brittle, 
but rationally placed reinforcement can give it a ductile 
character. This latter difference was traditionally taken care 
of by the. designer's exercise of his judgement. However, in 
recent years Sir Alan Harris' Committee (1975) suggested that
"in order to be able to render explicit what has always been
implicit in the thinking of the designer" and by way of further 
clarification to enumerate "an aspect of design hitherto hidden 
in the mysteries of engineering judgement", Bobrowski (1976), it 
is necessary to introduce yet another partial factor y c covering 
the nature of the structure or a member and the consequence of 
failure. It has, of course, already become customary to consider 
and rely upon two other partial safety factors in assessing 
ultimate limit states. These are:
a) Ym - safety factor covering materials
b) Yf ” safety factor covering loads
(see Figures 4 8 and 49)
With a better understanding of the amount of ductility 
necessary to compensate for the lack of compatibility of 
deformation in the case of linear analysis and redistribution, 
three clear alternatives have been proposed (CEB/FIP Model Code) 
for the analysis of frames and continuous beams:
- non-linear analysis
- linear elastic analysis
- linear elastic analysis with limited redistribution
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For slabs 'three alternatives are also proposed: 
non-linear analysis 
linear elastic analysis
- plastic analysis 
The application of the latter being foreseen both by kinematic 
methods and by static methods* (Macchi 1976).
In the case of frames and continuous beams, non-linear 
analysis is encouraged by a series of simple assumptions aimed 
at the practical designer dealing with ordinary structures by 
hand, or aided by micro computers.
The most narrowly defined constitutive laws exclude the 
considerations of load history. This approach obviously cannot 
be valid when repetitions or reversals of loadings, near to the 
ultimate, have to be considered (e.g. seismic actions).
However, such assumptions are reasonable for the case of 
ordinary loads when the ultimate state needs to be considered 
only once, with a very small occurrence probability.
Analysis can be simplified by the use of bi-linear or tri- 
linear idealisations of the moment rotation and moment curvature 
laws. A simple approach to the stiffness that occurs due to 
concrete in tension between the cracks can be adopted, as can 
the concentration of inelastic rotations in the critical sections.
A series of graphs have been prepared from which tri-linear 
moment/curvature idealisations can be drawn for rectangular 
sections.
Partial co-efficients appear to have solved the practical 
problems of selecting a suitable load at which structural analysis 
should be carried out, however, this is not completely satisfactory 
from the theoretical point of view.
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FIGURE 48 Non-linear analysis - Partial coefficients approach
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Figure 4 8 displays the procedure representing the 
relationship F-M between the load F applied to the hyperstatic 
structure and the moment M in the section under verification.
The relationship F~M at first represented by the dashed straight 
line (linear elastic behaviour) then deviates towards the 
greater values for M following the appearance of cracks (in 
other sections M would consequently decrease). The resultant 
curves depend on the propagation of cracks in various parts of 
the structure.
The F“M curves resulting from a family of such structures 
would produce a high degree of scatter in the initial stage due 
to the dispersion of the tensile strength in concrete. Therefore 
there would be little point in carrying out a structural analysis 
at a level of loading so near to the characteristic value F^ . of 
the load. The scatter should decrease with higher values of F 
since the degree of cracking becomes steady. On attainment of 
ultimate the scatter will increase once more as a result of the 
random distribution of rotations in the region of plastic 
behaviour of steel and concrete.
The procedure proposed by the CEB can be described as 
follows: is the "design" value of the load considered to
be acting on the structure} it is found by applying the co-efficient 
of actions y ^  to the characteristic load. Using this level of 
loading and the "mean" behaviour of the structure the analysis 
is carried out to find the mean value of the acting moment M
M , has a certain distribution if the family of structures set
is considered, y ^  takes into account this scatter when determining 
the load effect M. y ^  ^act therefore provides the desired value 
of M with an adequately low probability of being reached and is 
the value that should be compared with the "design" resisting 
moment M •,.
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In the case shown by Figure 48 it is found that the 
procedure has led to the analysis being carried out at the . 
most suitable.load level which is displayed by the small 
dispersion of the structural behaviour. This is not always 
the case as pointed out by J.F. Borges (1974) who would like 
the safety aspect treated separately from the selection of 
the best load for analysis. Figure 49 shows this approach 
where the best level F^ for the load is found by probabilistic 
considerations. Following the analysis, the F/M relationship 
could be linearised (dotted line): M = aF. By applying 
and the total safety factors to F^, the "design" acting
moment is obtained from:
a Yf! Yfs Fk which is compared with M^.
This procedure is somewhat more complicated as the 
different loads are affected by different y j^ safety co-efficient,
It should be noted that the CEB procedure shown in Figure 
48 although differing in concept from the latter can provide 
comparable results as in the analysis it avoids both the ultimate 
state of plastic behaviour and the state of non-stabilised 
crocking.
The entirely factored value of F is also used in the case
of linear analysis; the safety formulation becomes:
o / r, \ ^ ^ , ck, ^sk,S ( l  y 0 Y - ^ n  Yi -eo Y * i )  — R (-------   )f 3 if 1 If 2 k y Yc s
When using the linear procedure a certain amount of moment 
redistribution is allowed: the maximum moment in one section can 
be reduced by a factor k as long as moments in other sections are 
increased so as to ensure equilibrium.
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In the latest proposition one k factor has been decreased 
from 0.85 to 0.75 (see Figures 50, 51 and 52) to produce a more 
consistent redistribution. It must be noted, however, that 
using this procedure the compatibility of deformation is usually 
not satisfied and as a result safety can only be assured if the 
members are sufficiently ductile. The ductile condition: 
k >_ 0. 44 + 1.25£
0.75 £ k £ 1 (see Figure 50)
is valid for continuous beams and braced frames.
S = ^ (relative depth of neutral axis); the chosen variable, 
immediately takes into consideration the effects of the axial load 
and also the percentages of tensile and compressive reinforcement;
the influence and the steel quality is covered by a safety margin.
The formula has been derived by researching the amount of 
supplementary localised plastic rotation Ak which is necessary 
to compensate for the lack of compatibility (Macchi G. 1976).
This is done through numerical simulation on continuous beams. 
Results are shown in Figure 50 where three curves of A^ are drawn, 
one for linear analysis (k = 1) and the other two for cases of 
redistribution.
On comparing the A a curves with the curve of rotation a 
value of e0 can be obtained giving sufficient ductility for each 
value of redistribution. The formula has been checked by 
simulation on a family of beams (Calzona 1971). Several 
combinations of variables have been studied.
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FIGURE 50 - Linear analysis with redistribution - 
Supplementary plastic rotation (above) 
Ductility condition (below)
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FIGURE 51 - Linear analysis with redistribution -
Supplementary plastic rotation, T sections
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Figure 51 shows the effect of the ratio between flange 
width and web width for T beams. Where this varies from 2-3 
very little ductility is required. The rectangular section 
appears least favourable.
In Figure 52 the effect of variation in adjacent spans 
is shown.
x
FIGURE 52 - Linear analysis with redistribution -
Supplementary plastic rotation, influence of spans ratio
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In all cases a maximum amount of supplementary rotation 
is required for ratios near to unity.
Effects of Testing Techniques and Material Variations
It must also be remembered that the physical limitations 
and constraints of a testing machine can, with the fixed 
geometry of a simple cube under compression, produce a mode of 
failure, shown in Figure 53a for lightweight concrete and that 
depicted in Figure 53b for normal concrete.
b) a
FIGURE 53 - Mode of failure of a test cube in simple compression
Even with normal concrete, but varying its strength, 
variations occur as shown in Figure 54 - Calzona, Guidi (1975) , 
indicating that if concrete becomes stronger and stiffer at the 
same time, then the asymptotic value of its prism strength to 
its cube strength decreases quite significantly, being just over 
60% for normal concrete of 60 N/mm2 strength and about 85% for 
concrete of 12 N/mm2 strength.
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FIGURE 54 - Resistance of compression of prisms as a function of relation h/a
It is therefore obvious that plain concrete, subject to 
high compressive stresses, should only be used in situations 
where it will remain under low compression - that is piers, 
walls, short span arches and relatively short span domes. The 
last two must have un-yielding supports which can take . 
horizontal thrust . Plain prestressed concrete has been used 
in modern times in dams and even arches where it was jutted 
against solid abutments. However, the real prize in this field 
must go to the Roman engineers, if only for the lightweight 
concrete dome of the Pantheon and the arches of the Colosseum, 
apart from many other applications.
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Reinforced concrete, in all its sub-divisions, displays 
only three basic types of structural crack, as already shown 
in Figure 40. However, current design provisions do not 
reflect this physical reality satisfactorily, with the exception 
of pure flexure, and to a degree, flexure combined with axial 
tension and compression.
Figures 55 and 56 demonstrate clearly that the most recent 
provisions for flexure in the British, American and CEB Model 
Codes (dating respectively from 1972, 1977 and 1978) do not 
differ in principle from the early proposals for stress blocks 
dating back to 1904 and 1912. The intervening years, however, 
produced many variations. These used many different functions to 
define compression stress blocks and if sensibly applied, they 
give comparable results. The spectrum of variations representing 
failure is unlikely to* exceed the ratio of 1:2.5
However, the situation was, and still remains, far less 
satisfactory for the treatment of combined flexure and shear.
Until recently the spectrum of failures compared with predictions 
was known to be as high as 1:15, and it is estimated that even 
the most recent Codes do not ensure a decrease below 1:5 if a full 
range of applications is considered. This can hardly be accepted 
as a satisfactory state of affairs when the unpredictability of 
failure is combined with the factors of safety specified in the 
British, International and American Codes as summarised in 
Table 1.
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Table 1 Safety factors for ultimate limit state
CP 110 CEB/FIP Model Code ACI Building Code
Load
Load case 1
Dead load+superload
Load case 2 
Dead load +
2 variable superload
Load case 3
Dead load4-wind <
Load case 4
Dead load +superload -f 
wind
M aterial
Concrete
Steel
1 .4 G k +  1 .6 Q k
0.9 G k+ 1 .4 W k 
1 .2 x (G k+ Q k+ W k)
1.5
1.3 for accidental load 
1.15
1 for accidental local damage
1.35 G k+ 1 .5 Q k
(a) 1 .3 5 G k+ 1 .5 Q kl +
1 -5 t^Qk2
(b) 1.35 G k+ 1.5 Q k2 +
1.5*Qki
G k +  1 .5 W k
1.2 x (G k+ Q k +  W k)
1.5
1.3
1.15
1.00
1 .4 G k +  1 .7 Q k
0.9 G k +  1 .3 W k
0 .7 5 x (1 .4 G k +  1 .7 Q k +
1-7 W k)
No material safety factor, bu 
capacity reduction factor <f>
* ^ 0 .9 0  for bending 
tf> =  0.85 for shear 
(f> =  0 .70—0.75 for axial 
compression
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RATIONALE
The present approach to the ultimate limit states of 
concrete can be seen as much more sensible than some of the 
past, which ranged from brilliance to stupidity. However, 
the author is convinced that a fully rigorous and scientifically 
based treatment is essential to ensure that no loopholes are 
left to lead to possible disaster. Therefore, traditional 
progress by induction has to be abandoned and the need for 
deduction generally accepted.
It is essential for'the treatment of ultimate limit state 
to display rigorous correlations between physical conditions, 
as represented by cracks preceding failure, and relevant 
mathematical models.
The cracks shown in Figure 57 combined with the realisation 
that the fundamental parameter of concrete is its splitting, hot 
compressive strength , permit satisfactory determination of all 
of the following limit states, singly or in combination:- axial 
compression, axial tension, flexure, shear and torsion.
Figure 57a relates basically to the splitting strength of 
the concrete prism, Figure 57b transfers the prism into the 
• compression zone in pure flexure. The end of the concrete beam 
in Figure 57c could, if it is thin enough, reach the splitting 
strength of concrete in a biaxial stress field developed between 
forces R and V. Or, if the strength of the concrete web is 
sufficiently high, it can fail under triaxial stresses in the 
zone contained between the tip of the crack and the place of 
application of force V. This inclined crack which starts as a 
vertical flexural crack, degenerates under the influence of shear.
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The magnitude of strain in the reinforcement across the 
critical crack (magnified by its slip, if any) and the resulting 
rotation, must significantly contribute to failure apart from 
the flexural compression active in this stress field. Thus it 
would be a gross over-simplification to regard the ultimate 
resistance in this section as a simple function of its geometry 
below the tip of the crack • The secondary mechanisms of 
"aggregate interlock" and "dowel action" ought not to be allowed 
to cloud the dominant and fundamental issues. Depending on the 
tensile capacity of the flexural reinforcement and the strength 
as well as plasticity of concrete in compression, a failure can 
be reached ranging broadly from Galileo's hinge theory for high 
strength concrete combined with a very low percentage of reinforcement 
to the classical plastic theory which is closely akin to the 
mechanics of soil in’ the case of weak concrete.
It is rather strange that despite a great volume of 
investigations into the deformation and fracture of concrete, 
there appears to be no coherent theoretical model available to 
explain such observations. An attempt was recently made by 
P.G. Lowe (1978). Also during a recent Colloquium at the 
Institution of Structural Engineers (1977) an attempt was made to 
suggest design stresses for concrete in a multi-axial force 
field.
Lowe's investigation.shows a reasonably good agreement 
with a number of prominent features of experimental data - see 
Figure 58. While further quantitative investigations and 
elaboration of the general theme of strain, rather than stress, 
limitation as the primary feature of concrete fracture behaviour
is necessary, the author firmly believes that this interpretation
indicates the need for acceptance of strain rather than stress
limitation as the primary feature of concrete fracture behaviour.
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■  Crushing failure
Results taken from
reference 3
reference 4
reference 1
6-
Cleavage failure
FIGURE 5 8 - Plot of principal stress space, showing two distinct 
regimes of test results
While accepting the need for primacy to consider strains, 
rather than stresses, in a meaningful approach to the fracture 
of concrete, it is necessary to clear up the possibility of a 
small confusion which arises from the definition of shear strain 
as usually taught to engineers. This includes a component of 
rigid body rotation as well as a component of shear distortion.
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Although it is admissable to regard stresses as acting
on individual planes, it is meaningless to try to imagine a
strain on a plane. Figure 59 shows the strain element with
shear distortions e and e . If the element is rotatedzx xz
counter clockwise about 0. through an angle e it can be
X Z
represented by Figure 57b, which is identical to the 
representation of shear strain in any elementary textbook.
. . y = e + ezx zx xz
but £ = £xz zx
hence y = 2 x £zx zx
Alternatively, with clockwise rotation of the element
as shown in Figure 59c, y = 2  e . Therefore it should be
X Z  xz
remembered that "engineer's shear strain" is simply twice the 
pure shear strain. It consists of a component of pure strain 
together with a numerically equal component of body rotation. 
Thus the curious differences between expressions for ultimate 
shear stress shown on page 38 become self evident.
2
Tzx
X
z
X
z
X
(b) (c)
FIGURE 59 - Pure Shear Strain and Engineers Shear Strain
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lt. is not surprising that with the lack of fundamental 
and general philosophy which could be used as a basis for 
ultimate limit state in reinforced and prestressed concrete, 
one of the brilliant, persistent and dedicated researchers 
dealing with shear and torsion in concrete, Professor Leonhardt, 
makes, after some two decades of research, the following 
statements in his recent paper "Shear in Concrete Structures" (1978): 
"shear stresses do not exist in s tructures, they are only a 
mental aid." "We found for instance an ultimate nominal shear 
stress of 2.4 MPa for a beam with 100 mm depth and only 0.7 MPa . 
with a beam with 1,500 mm depth which had the same percentage of
steel and the same concrete." "..... many hundreds of shear
tests with rectangular beams with shear reinforcement were 
practically useless for studying shear design of structures 
with T or I beams."
To unravel this problem of ultimate limit state anticipated 
in Figure 57c, it is necessary to define, consider and clarify 
theoretically the underlying fundamental factors before plunging 
into experimental research. The problem could be approached as 
follows:
1) Within a reasonably short distance from the support, two
distinctly different modes of failure occur when the shear 
span to depth ratio is, say ^ 2.5 The first mode, tensile 
splitting, will lead immediately to a brittle failure if 
there is no reinforcement crossing the crack. Properly 
anchored vertical and horizontal reinforcement crossing the 
crack can, however, resist in full the transverse forces 
with no further contribution from the concrete after the 
splitting takes place.
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While the use of ultimate shear stresses seems to be 
inappropriate even in this case, such procedures could 
at least have some meaning as the geometry of the "web" 
is only of primary importance in providing resistance 
to the transverse forces. However, a really meaningful 
way of dealing with this problem is to take account of the 
predominantly biaxial nature of stress distribution. The 
added advantage of this approach would be the instant 
disappearance of such supposedly different problems as 
"deep beams", "short brackets", "members of minor 
importance" and those "generally characterised by inclined 
cracks" as formerly defined in the CEB/FIP Model Code for 
Concrete Structures (19 78).
A mathematical model on this approach could closely reflect 
its physical meaning and thus be conducive to good 
engineering.- It would then become abundantly clear that 
even a thin slab will behave as a "deep beam" as long as 
it is near enough to the support.
V
V/YA
d 2
V
FIGURE 60
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It is evident from Figure 60 that the ultimate strength 
of the unreinforced section
V = — --- x — kh x Sin 3u Y x y const.'m 1 c
Theoretically the constant —  2 but for design application
it is advisable to use 3 or the width of the support if it
is smaller than h/3.
The ultimate strength of the reinforced section where all 
the reinforcement will cross the crack becomes:
Vu = Vtl + xt2 = A ’svfy Cos e + Astfy Sin e
where:
A = the total area of vertical steel within thesv
length 1
A , = area of horizontal steel in excess of what isst
required to resist H 
= ultimate shear capacity
= part of ultimate shear takn by vertical reinforcement 
in length 1 (all web reinforcement within the
shear span considered should be positively anchored)
Vt2 = part of ultimate shear takn by horizontal tensile 
reinforcement
f = tensile strength of steel at 20°C (characteristic
strength in case of prestressing wire and yield 
strength in the case of reinforcement to BS 4449,
4461 and 4462)
If V i>' V then section satisfactory. If V < V  then either u a 2 u a
change the section or increase Agv and/or Ag such that
V = V* u A
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.2) The second mode, combining significant shear with
significant flexure (Figure 57c) cannot depend exclusively 
even on the geometry of the section in the neighbourhood 
of the transition from "web" to "flange" , ranging from the 
tip of the inclined crack to the top of the section. The 
fracture strains in the triaxial stress field in this 
neighbourhood depend primarily on the magnitude of axial 
transverse forces as well as the rotation at this critical 
section. With no shear reinforcement it is therefore 
unreasonable to expect that reliable prediction of the 
ultimate capacity of such a section can be made unless 
at least the following parameters are enumerated:
a) The capacity of the compression block, taking into
account its overall geometry with respect to triaxial 
restraints. Hence4 significant differences can be 
foretold between not only rectangular sections and T 
sections, but also the geometry of joining the flange 
to the web as well as the method of application of 
the transverse load.
b) The effective depth.
c) The shear span.
d) The ratio of the compression capacity of the compression
block to the tensile capacity of the flexural 
reinforcement. During the early stages of development 
of reinforced concrete and .such research work when 
section geometry, the concrete strength and the steel 
strength remain approximately constant, the traditional 
percentage of reinforcement of the section was used 
to allow for this particular effect.
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It follows from the above that, purely by mental deduction, 
it is possible to fully justify Kani's (1979) assertion 
that with regard to rational enumeration of ultimate shear 
capacity there are two choices:-
i) Drop the shear stress concept and look for alternative 
indicators of shear failure.
ii) Try an empirical solution based on a sufficient 
number of variables and therefore a large number of 
tests.
As will be seen from the following chapter, the studies 
of multi-axial behaviour of concrete have not, as yet, reached 
a state where purely analytical solution of this problem could 
be attempted with a sufficient degree of cjertainty. The author 
has therefore concentrated on finding an empirical solution,based 
on a sufficient number of variables/ to reflect rationally the 
capacity of the section under flexure combined with significant 
shear.
As the first task it was necessary to ascertain a reliable 
numerical parameter which would determine a mode of failure 
characterised by cracks of the type 'B' illustrated in Figure 40, 
(also see Figure 57c). This parameter relates the geometry of 
the cross section to the pattern of loading; the last having the 
major influence. (The Institution of Structural Engineers & The 
Concrete Society (1975), CEB/FIP (1977), Calzona (1975), Calzona 
& Cestelli Guidi (1975) and Bobrowski & Bardhan-Roy (1969)).
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A parameter used to enumerate this influence is given by
a ratio of bending moment to shear at a section being investigated
and it is often referred to as shear span  denoted by the symbol
lv - In order to render this parameter non-dimensional, for general
use, a further ratio of shear span to effective depth lv/d = Kv
has been introduced. At distance X from the support, the symbols
1 or K will be used, see page 44. The modes of vx vx *  r
failure are designated by the values to the factor Kv = M/Vd 
(where M and V are the bending moment and shear respectively at 
the section due to ultimate loads, d is the effective depth of 
the section) as follows:
i) Where the influence of shear is negligible, failure
will occur in flexure when the factor K exceeds 7.v
ii) Where the combined effect of shear and flexure 
governs the failure, the value of Kv is usually 
between 2.5 to 7.
iii) Where the shear is predominant and flexure can be 
ignored, Kv is less than 2.5.
Evidently the range limits of Kv between the different modes 
are not sharply defined, and a certain amount of overlapping may 
occur. In most cases, e.g. slabs or longspan beams subjected to 
uniformly distributed load, where flexural failure is likely, the 
investigation of bending limit (i.e. mode (i) ) is only necessary, 
provided of course that the detailing of the element concerned, 
especially at bearings, is correct.
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For combined effect of flexure and shear failure the 
critical section normally lies between 0.15L and 0.2L if the 
load is uniformly distributed, while for 'concentrated load 
the critical section is usually under the load, Bobrowski & 
Bardhan-Roy (1969) , The Structural Engineer (19 70).
This procedure of computation at critical section (x) 
is as follows:
i) Find M and V at the section (due to applied loads)9.x ax
ii) Determine.K v = M /V .d = 1 /dvx ax ax vx'
iii) Determine M (moment capacity) in Newton-millimetres
OX
from the formula:
FL = 0. 875dl i 0 . 342b, + 0.3
CX V X  I 1
(Bobrowski & Bardhan-Roy (1969)
4 /  ( 2 )
pfy
where:
b^ = 'effective width1 of the section (in millimetres)
b^ = b for rectangular section (Figure 61 shows b1 for other
shapes)
z = lever arm (in millimetres)
1 = shear span (in millimetres)
area of tensile reinforcement
P = area of concrete to effective depth 
f = characteristic strength of steel
The above equation is not valid unless and until the 
anchorage of all tensile reinforcement, considered at the section, 
is ensured on either side of the section.
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iv) If M M then only nominal stirrups would be
CX 9.X
needed in beams and ribs of anisotropic slabs, and 
no shear reinforcement required in solid slabs.
If M ^  M then M is to be used as a critical cx ux ux
maximum value instead of M . In such a casecx
increase in flexural, and not shear reinforcement, 
can enhance the ultimate capacity of the section.
If M >> M <  then in order to avoid failureux cx ^  ax
either increase the area of effective tensile steel, 
or increase the section.
The other alternative (provided that M ^  M )ux ax
is to provide stirrups in accordance with the 
following requirements:
A /S (V - M /I )/y yfY f .d (3)sv' v ax cx7 vx ' 'ms'f'c v
where:
A = cross sectional area of two legs of a link sv 3
Sv = spacing of stirrups
Y  = materials factor for reinforcement'ms
Y^ = appropriate load factor
Yc = factor covering mode and consequences of failure
f = characteristic strength of link reinforcement
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FIGURE 61 - Effective widths for various sections
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It is considered that this traditional method for designing 
shear reinforcement, although not rigorously rational, is good 
enough to be retained, provided the designers are made aware of 
the fact that to date the only rational ultimate limit state 
model appears to be that proposed by Kani (19 79) as illustrated 
in Figure 62.
FIGURE 62 - Model of supported arches by Kani
Consequently the vertical shear reinforcement becomes 
totally ineffective, if its positioning permits development of 
crack as illustrated in Figure 6 3 or a failure as depicted in 
Figure 64, Calzona (197 5).
FIGURE 63 - Failure due to incorrect arrangement of transverse reinforcement
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FIGURE 64 - Failure due to biaxial instability of the web between 
transverse reinforcement
The latter illustration not only shows the physical 
manifestation of a prediction given in Figure 63, but also 
the result of web instability in a biaxial field which relates 
to thin web for Kv being less than 2.
The experimental results validating equation 2 are 
summarised in Appendix A, and Figures 65, 66, 67, 68 & 69, show 
graphically the comparison between the values proposed by the 
current Code of Practice CP 110, those obtained by various 
researchers and predictions derived from equation 2 and 3.
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The author considers that for the case of pure flexure, 
that is when Kv ^>7 no new proposals are necessary and solutions 
listed in Figure 56 for the years 1972, 1977 and 1978 can be 
taken as satisfactory with preference being given to the 19 78 
proposals of the CEB/FIP Model Code which appears to be most 
rational.
The paragraph printed in italics on page 83 underlines 
the particular importance of the anchorage of all tensile 
reinforcement .
Until very recently this subject has perhaps been more 
severely mistreated by various design theories than even shear 
resistance itself. Figure 70 gives a diagram of principal 
stresses in a pull-out specimen according to Abrams (1913) which 
is still predominantly used by the designers of today. In actual 
fact the reality of the deformations of a concrete cylinder with 
an axially embedded plain steel bar is much better depicted in 
Figure 71 according to Lutz (1970).
Ccyiy Slopes 
or Test
WZy/W'
tAm/W
40er Slipping 
becomes General
Distribution cH Bond Stores
FIGURE 70 - Diagram showing principal stresses in a pull-out specimen
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Section A-A
C=>
FIGURE 71 - Deformations of a concrete cylinder with pulled 
axially embedded plain reinforcing bar according 
to Lutz.
Goto (1971) demonstrated experimentally the bond action 
between concrete and deformed steel bars. The experiments were 
carried out on axially loaded tensile specimens comprising a 
single bar embedded concentrically in a long concrete prism.
The loading was applied to the exposed ends of the bar. The 
cracks were stained with ink and when the prisms were cut 
axially, the ink coloured cracks became visible (Figure 72).
Longitud inal section of a x ia lly  loaded specimen Cross section
concrete
. / cracked zone \
deform ed bar (w ith  la tera l lugs) bar
in te rn a l crack force on concrete tightening force on bar 
(due to wedge action and  
deform ation  of teeth of 
c o m b -lik e  concrete)prim ary crack force components on bar
FIGURE 72 - Deformation of concrete around steel reinforcing bar 
after formation of internal cracks (schematic diagram) 
' by Goto.
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The slope of the cracks varies from 45°-80° and indicates
the inclination at which the compressive forces leave the ribs 
of the deformed bar and disperse into the concrete. The slope 
is also dependent upon whether the ribs are lateral, diagonal 
or wavy to the axis of the bar and would also vary if the sample 
were an anchorage specimen. It has been found that the dimensions 
of the test sample will also influence the degree of crack slope.
Both calculations and experiments indicate that bond forces 
spread from the ribs of the deformed reinforcing bar out into the 
surrounding concrete. Provided the concrete tensile resistance 
is small because of its geometry, the ribs may split the concrete 
without crushing it. In this case the angle a between the 
principal compressive bond stress and the bar axis is dependent 
upon (a) whether there is any chemical adhesion present, (b) the 
angle of the rib face, and (c) the direction of the r;Lbs in 
relation to the axis of the bar (the maximum occurs when the 
ribs are lateral and decrease with rib inclination towards the 
axis of the bar). When failure occurs by crushing a different 
angle « is created.
As shown in Figure 73 the radial components of the bond 
forces are balanced against the tensile stress rings in the 
concrete. These stressed rings are present around each reinforcing 
bar where bond forces exist. The thinnest section of the ring 
occurs in the concrete cover and this is where it breaks when 
the ring is stressed to failure (Figures 74 and 75). Ralejs Tepfers
(1973)
FIGURE 73 - Schematic representation of how the radial components of the 
bond forces are balanced against tensile stress rings in the 
concrete in an anchorage zone.
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FIGURE 74 - Longitudinal cracks in the concrete cover following 
a tensile overlap splice in a beam.
FIGURE 7 5 - Formation of internal and external longitudinal cracks 
around a deformed reinforcing bar in pull-out specimens
The cracks may be initiated internally by tensile stress 
peaks without the ultimate tensile load capacity being reached. 
However, when the ultimate capacity.is exceeded the stress rings 
break and a longitudinal crack, parallel to the bar, appears on 
the surface. Consequently, the resistance of the concrete hoop 
decreases and some slip of the reinforcing bar takes place due 
to concrete crushing in front of the ribs. The angle « between 
the bond forces and the bar axis may change at this stage. The 
radial components of the bond forces load the concrete 
cantilevers surrounding the bar. When their ultimate capacity 
is reached a failure pattern of minimum stressed surface is 
displayed. Failure due to tension is explosive, occurring without 
the warning of ductile deformation (See Figure 76).
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FIGURE 7 6 - Explosive rupture of overlap tensile reinforcement 
splice in a concrete beam. The beam is tested 
upside down with the splice in the upper part of 
the beam
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Further discussion of bond action may be divided into 
three categories dependent on the level of cracking
i) Uncracked elastic stage - ES
ii) Partly cracked elastic stage - PCES
ii) Plastic stage - PS
The bond forces or stresses can be divided into radial 
and tangential components. If the tangential bond stress is 
considered for an element dx of the reinforcing bar, the bond
stress can be expressed as the change in stress in the reinforcement
over the length dx:
‘ _ As das $ das
T “ O  ' -HF 4 ' “a F  (See Fl9ure 77>
dx
A ,
< = > 0
( °'s+ d a t 1 A *
FIGURE 77 - An element of reinforcement in the zone with bond stresses
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-*■ Z* = ( CTJ - cr2)- s ince • cosoc 
I  CT r  cos^oC + 0 *2 sin^oC
FIGURE 78 - Bond stresses in the concrete adjacent to the reinforcement
Figure 78 illustrates the approach to evaluation of
principal stresses. With a plain reinforcing bar,at the
commencement of loading,it could be assumed with enough accuracy
that only shear stress will be present in the bond zone. If it
is further assumed that the concrete behaviour will initially be
similar in tension and compression, the angle a will therefore
become 45°. It follows from the elementary principle of
complimentary shear stress that the principal stresses will be
of the same magnitude until the principal stress a^ reaches the
splitting value of concrete a and then descends to zero. Atcu
this instant the angle « shall change and the normal stress a 
will develop. The radial component of the bond stress is thus:-
o = -o0 Sin2 cc = T tan «
y 2
The angle * with a, = 0  and a = 0 is obtained from the 3 . 1 x
equations in Figure 78 yielding « = 35.3°. In the case of deformed 
bars, however, the ribs induce a normal stress a , which being
X
compressive increases the angle «. The extent of this influence 
depends on the shape of deformations and should be determined 
by tests.
T *  T
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At sections cracked in flexure a must become zero. The
X
deformed bars can geometrically be considered as smooth and the 
effect of deformation shall manifest itself in the ultimate 
magnitude and slope of the bond stress.
chrushed concrete foe* a n g lt
lodged chrushed concrete
r ib  spacing
rib face angle ,—*/ /  ,
b height 1 \ \ \
A
CUT A - A
FIGURE 79 - The geometry of a deformed reinforcing bar and' the
mechanical interaction between the bar and the concrete
The radial stress a c a n  be likened to the hydraulic pressure 
within a thick walled, long concrete cylinder. The wall thickness 
is usually determined by concrete cover. The cylinder can be 
located in the concrete section under consideration as shown in
Figure 80.
4at
C*  > C y
FIGURE 80 - Section through part of the tensile zone in a reinforced
concrete beam. The dimensions of the concrete ring are
determined by the least values of c and cx y
Although generally the stresses in concrete will have a 
lower intensity, those in the concrete cover will correspond 
closely enough to stresses calculated in the imaginary cylinder.
savans, Vol.4, 1833).
The following is the equilibrium equation for the bisector:
neglecting small quantities of a higher order
This contains two unknown stresses a, and a and thereforet r
a second equation must be set up considering the deformations of 
the cylinder. These are symmetrical with respect to the axis and 
consist of a radial displacement of the wall. This displacement 
is constant in the circumferential direction but varies along the 
radius, i.e. it is a function of the radius only. If u denotes 
the radial displacement of a cylindrical surface of radius r 
the expression for the stresses in terms of the strains are:-
Using the approach given by Timoshenko (1956) (the solution 
appeared first in the paper by Lame & Clapeyron "Memoire sur 
l'equlibre interieur des corps solides homegenes". Mem divers
da . dr
a rdG + a. drd 6 - (a + — §--- ) (r + dr) de = 0r t r dr
a
u + du
V-r dr
By substitution the following equation is obtained for 
determining u:-*
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The boundary conditions for inner and outer cylinder are 
determined using known normal stresses c?r .
For a cylinder subjected to internal pressure the stress 
equations are:-
0 -  ($/2)2 . t.tg «
r (c + <i>/2)2 - ($/2)2
_  ( $ / 2 ) 2 . t  • tg cc 
°t ~ (c + i / 2 ) 2 - ( i / 2 ) 2
(c + i / 2 ) 2 
1  2 T— ~r2
(c + $/2)2 
1 + — 1  ----
(aj t max
. tg « \ } c y + $/2)2 + ( >^/2) 
(c + <i>/2)2 - ($/2)2
Thus (a ) is always numerically greater than the internal "t max
pressure and approaches this quantity as the concrete cover c 
increases (see Figure 81) * being tensile stress and a compressive
53 A0 2
FIGURE 81 - The relationship between the stress Ch ) and the concrete 
cover c if the internal pressure Ttg^ aniXthe diameter of the 
reinforcing bar are constant
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The minimum value of a is at the outer surface of the 
concrete cover:-
t min
(c + <D/2)2 + ($/2)2
2 ($/2)2
increases with increase in the thickness of the concrete
cover.
If the concrete was entirely elastic the cracking would
FIGURE 82 - The variation in tensile stress in the concrete cover 
transverse to the reinforcing bar for the particular 
case c^ = 2$ and the constant internal pressure Ttga
Under plastic condition the same cylinder must be re-analysed 
again. It is apparent that the plastic stage will represent the 
highest possible bond resistance before the appearance of the 
longitudinal crack. The bond stress along the dx increment of 
the reinforcing bar is again expressed as the change in stress 
in reinforcement by the equation
occur when (a,) exceeds the splitting stress of concrete t max *  3
+- — f
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T =
A da . da s_  s _$  s
7t . $ dx ~ 4 dx
The radial component becomes x.tan*
At this instance the concrete will not crack until the 
stresses in the tangential direction across the whole cross- 
section of the cylinder would reach the tensile strength a 
See Figure 8 3. Thus:-
cu
2c . a , = $. t  . tg< y t y
t 2c ■. t  . tg<
FIGURE 83 - Section through part of the tensile zone in a reinforced
concrete beam. The dimensions of the concrete ring are
determined by the least values of c and c . The stress J x y
distribution at the plastic stage is shown for the left
half of the left cylinder.
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Failure occurs when a, ^  a . In this case cr, can bet cu t
taken as a splitting strength in the concrete cover parallel 
to the bar.
Finally as the experimental results do not conform with 
either elastic or plastic stager analytical predictions and fall 
somewhere in between. It appears logical to consider the action 
of a partly cracked elastic cylinder as shown in Figure 85.
FIGURE 84 - Concrete ring with internal radial and longitudinal cracks 
surrounding a reinforcing bar
As tensile stresses peak in the vicinity of the bar the 
cracking can be assumed to have occurred in this neighbourhood 
fairly soon in the history of loading and can be evaluated as 
shown before.
However, if the load carrying capacity of the whole cylinder 
is not reached the longitudinal cracks are unlikely to penetrate 
through the concrete cover. Hence the cylinder is now internally 
cracked and the anchorage forces can only be transferred via the 
cracked concrete to the uncracked part of the cylinder.
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Having a larger internal diameter the new elastic cylinder 
will have reduced internal pressure as compared to a fully 
elastic specimen. As follows
p^ . tt . $ = P2. it . 2e
where e = radius for the perimeter corresponding to the depth 
of internal cracks
p^ = T.tga = internal pressure on the cracked concrete
ring due to the radial component of the bond forces
P2 = internal pressure on the perimeter corresponding 
to the depth of internal cracks
Po =
$
2e . t  . tg«
The circumferential stress distribution in the uncracked 
part of the concrete with the inner radius e can be written in 
accordance with equation on page 102.
at =
$
’ 2e . t  . tg
(c +  % )2 -e2 y 2
<K2
1 +
and the maximum stress at the inner surface of the uncracked 
part of the cylinder with the radius e
( Ot max
$
2e . t  . tg
(c + 4)2 + e2 y 2 _______
(c + $)2 - e2
y 2
It should be observed that:-
1  ^  e ^ (cy + *)
and
(a ) = at max cu
- 107 -
These equations make sense only if the pressure from the
reinforcing bar expressed as the function for at max' re-written:-
t .tg « _ 2e 
acu
<c v
(c + -|)2 + e2y 2
has a maximum value for a value of e within the limits 
given above.. In this case the load capacity of the concrete 
ring is not exhausted when cracking starts at the inner surface 
but is reached later when the cracks penetrate some distance into 
the ring. The function is plotted for different values of the 
concrete cover c in Figure 85.
.T tg  a . . . I
—  2
_
jr t g ' ( f c y *  w\)7-
FIGURE 85 - The bond force capacity Ttgff/a of the concrete ring around 
the reinforcing bar as the function of longitudinal crack 
penetration e in the concrete cover .
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Ralejs Tepfers (1973) shows that by differentiation of 
this last equation with respect to e it is possible to arrive 
finally at the expression:-
, \ 1,664 $.t •tga(a, ) = —  ---------  2—t max , : ,
(C  +  77 )y 2
Thus demonstrating that it is possible for cracks to 
develop within the concrete cover and that the ultimate load is 
dependent on the concrete cover or half the spacing of 
reinforcement whichever is the lesser and is not automatically 
reached at the start of cracking.
Tepfers also carries out the comparison of behaviour at 
anchorages at the elastic, plastic and partly cracked elastic 
stages. Figure 86 gives a summary of this comparison for 
different thicknesses of concrete cover.
FIGURE 86 - The bond load-carrying capacity Ttga/a of the concrete 
ring as a function of the thickness of concrete cover c 
at the elastic, plastic and partly cracked elastic stages.
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Normally concrete cover c = 1.5 $ to 2$ (for reinforcing 
bars) falls in the range of partly cracked elastic stage. Since 
some plastic flow will have to occur before splitting of the 
cover of good concrete of sufficient thickness, it is to be 
expected that the actual ultimate load would be somewhat higher 
than the analytical predictions for partly cracked elastic stage. 
However, the best provision that the designer can make would be 
to concentrate less on the fineries of the analytical treatment 
and to ensure instead that sufficient cover and spacing of 
reinforcement is provided. Furthermore, the tension laps or 
primary anchorages should not be permitted to occur in reinforced 
concrete unless the relevant bars are properly surrounded by 
stirrups or spirals - Bobrowski & Bardhan-Roy (1969) and The 
Structural Engineer (1970) .
Thus Figure 60 can now be elaborated on for the case of a 
non-mechanical anchorage by Figure 87a,b&c.
Figure 87a gives a proposal of a strut model with a stress 
field defined by the actual geometry and the yielding of steel. 
While 87b and 87c give lower ultimate capacity of strut and the 
model of Figure 87a due to insufficient anchorage and likely 
structural action required to develop additional capacity by the 
end block behind the support.
i
TEttt
V
FIGURE 87a
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top reinforcement
stirrups
miuutm
FIGURE 87b
stirrups tension
FIGURE 87c (Reineck 1982)
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THE MULTIAXIAL BEHAVIOUR OF CONCRETE
In investigating the deformation and fracture of concrete 
one is aware of the existence of two basic forms of failure, 
see Figure 58. The type of cracking that will govern is 
dependent on the concrete's individual material properties and 
may be predicted by observation of compressive capacities, the 
stress/strain relationship and most significantly by the tensile 
strength  and E value. The modes of failure may be verified by 
triaxial testing carried out on concrete samples of differing 
composition.
There are only three permutations of a two phase concrete
matrix in terms of its deformation modulus, i.e. E_>> E , E..—  E,,,' A m A m
and E ^  E .A m
The manner in which forces are transferred through the 
matrix dictate the modes of failure. In a case of an aggregate 
of low E value - E the aggregate does not participate
fully in the transmission of internal forces. Transfer of 
forces occurs through the mortar matrix resulting in a failure 
through the aggregate (see Figure 88).
This type of fracture is known as "cleavage failure".
- 114 -
T r a n s fe r  o f  fo rc e s Photo-elastic determination of principal stresses
Failure pattern
FIGURE 88 — Behaviour of lightweight concrete under compressive force
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When dealing with a stiffer aggregate - E • :> E stressesr agg m
in the mortar are reduced. Failure will occur by extending 
initial cracks along the aggregates transversely from the point 
of loading. This is commonly referred to as "crushing failure". 
See Figure 89.
T r a n s f e r  o f  fo r c e s Photo-elastic determination 
of principal stresses
Failure pattern
FIGURE 89 — Behaviour of dense concrete under compressive force
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Lack of interface bond will lower the load capacity in 
both cases which is indicative of the relation between the uni­
axial strength of concrete, that of mortar and the transfer of 
forces through the matrix and aggregate, see Figure 90 - Gerritse 
(1980).
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CM E » E  .. agg mat
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E = modulus of deformation of the aggregate.
agg
E = modulus of deformation of mortar,
mat
f = stress in aggregate,
agg
f = ..strength" of the aggregate,
kagg
FIGURE 90 — Indicative relation between the strength of concrete, 
, that of mortar and the transfer of forces through
matrix and aggregate
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In the diagrams presented in Figures 88 and 89/ the 
qualitative difference between the normal weight concrete and 
lightweight concrete was obvious. However, it is futile to 
attempt a quantative assessment without at least some knowledge 
of the actual fracture behaviour. A helpful simplification was 
proposed by Dr P. Grubl (1980). He assumed the concrete to be 
represented as a two face material, one being mortar the other, 
the aggregate. Following on from Figures 88 and 89 he proposed 
to start an analytical assessment by considering stress fields 
depicted in Figure 91.
The differences in stiffness ratio between aggregate and 
mortar causes different internal transmission of external forces, 
Consequently,the regions in which the tensile stress will be 
generated within the unified stress field are situated at the 
side of aggregate particles for normal weight concrete, whereas 
in the case of high strength normal concrete or with lightweight 
aggregate concrete the tension is created below and above the 
particle. Once cracks have started in high strength, or the 
lightweight aggregate concrete, some five types of fracture can 
be distinguished. Figure 9 2 illustrates the compressive strength 
of lightweight concrete as a function of the mortar strength.
Ea>Em En < Ef
Tension
Compression
Normal weight 
concrete
Lightweight aggregate 
concrete
FIGURE 91
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As a variety of possible patterns of behaviour is normally 
greater in the case of lightweight concrete then normal weight 
concrete, the kinds of fracture can be best discussed as a 
general case for lightweight aggregate concrete when considering 
them in relation to the developing stiffness of mortar and the 
normal concrete aggregate becomes then a particular case where 
the strength of mortar is lower or similar to that of aggregate.
In the lower strength range, the strengths of concrete and 
mortar are similar. This is due to the fact that the modulus of 
deformation of the aggregate is greater than that of the mortar. 
This situation arises during the early stages and is similar to 
that of normal weight concrete (fracture type 1) Figure 92.
Kind of fracture
• * -  o
O) w O) lim it compressive 
streng th
lim it strength
Compressive strength of mor ta r
FIGURE 92
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Cracks form and run along the surface between the mortar 
and aggregate. As the stiffness of the mortar increases the 
cracks are generated above and below due to the change of stress 
distribution. However, a further increase of the external load 
is possible. See Figure 92.
So that the internal forces may be balanced it can be 
assumed that if the force is not transmitted any further in the 
cracked section then it will be distributed to the aggregate.
See Figure 93.
- P
Crock
Crock
Mortar
- P
FIGURE 93
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The interface between aggregate and mortar must be strong 
enough to allow this redistribution, if not, the cracks will 
propagate around the aggregate (fracture type 2). If 
redistribution does take place then the redistributed forces 
increase and the tensile stress in the aggregate is also 
increased. In this case failure will occur when the tensile 
strength of the aggregate is attained (fracture types 3 and 4).
When the tensile strength of the mortar is very high it is 
possible that the ultimate tensile strength of the aggregate will 
be reached without cracks forming in the mortar. In this 
situation the compressive strength of the lightweight aggregate 
concrete is only generated by the tensile strength of the 
aggregate (fracture type 5). When both the mortar and lightweight 
aggregate have a high tensile strength it is possible for the 
compressive strength to be greater than that of a normal weight 
concrete with a similar composition.
It should be noted that the influence of drying is less 
significant with normal weight concrete than with lightweight 
aggregate concrete. The effect is illustrated in Figure 9 4.
P
I t I f I 1 f_ L l
Mortar
( M ) .  !
r r r r h r m
p
p  due to external load
s —  due to shrinkage
FIGURE 94
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A shrinkage stress is generated around the aggregate when 
water leaves the mortar. The shrinkage experienced in the 
vicinity of the aggregate is far greater in the case of a 
lightweight aggregate concrete than normal weight concrete 
this is mainly due to water absorption by the porous aggregate. 
This shrinkage stress is superimposed on the tensile stress 
generated by the external loading.
In this instance the tensile strength of the mortar is 
lowered as is the case when testing the tensile strength of an 
air stored beam. Provided the moisture content of the lightweight 
aggregate concrete has reached an equilibrium state due to a 
higher period of storage, the shrinking stress experienced in 
the vicinity of the aggregate is reduced by relaxation and the 
lightweight aggregate concrete may obtain a tensile strength 
comparable to that of a normal weight concrete. In that situation 
the overall tensile strength is governed by the tensile strength 
of the aggregate. See Figure 9 5.
Ago ISOO dcy*
E ip o n d o d  c lo y  O l io p o r  I  E ipondod  onolo O  B o rw ilil S
•  L io p o r S ■  B o rw ilit  N
O  D otoon
0 1 2  3 N/mml 5
Tensile strength of
the aggregate,grainsize 8/16mm
FIGURE 9 5
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Unfortunately, nowhere near enough investigations have 
been carried out along the lines indicated by P.G. Lowe (19 78) 
and P. Grubl (19 80).
However, as in many structures and concrete atomic 
pressure vessels in particular, there is a pressing need for 
a realistic description of triaxial stresses and strains, 
taking into account cracked sections.
The earliest tests of mortar and concrete under multi- 
axial stresses were reported by Considere (1903, 1906) . Ros 
and Eichinger (1928) pointed out the existence of the inherent 
failure criterion for mortar, concrete and rock. Richart (192 8) 
reported the tests of concrete cylinders under triaxial stresses. 
Okajima (1970) made a useful summary as follows:
a) Conclusions based on experimental findings are not 
always similar and appear to depend on various limits 
of a combination of stresses imposed by different 
researchers, even using the same testing facility.
b) The universal failure criterion has not been determined, 
but instead the differences between aggregate and cement 
and concrete strength are being reflected.
c) Elasto-plastic features of concrete under combined 
stresses are not clear.
d) The information on the dynamic characteristics under 
combined stresses are rather scarce.
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e) The experimental evidence is also scarce with 
respect to the effects of the intermediate principal 
stress.
f) There are fewer experimental results under tension 
stress field than under compressive.
During the last twentyfive years some contributions have
been made towards better understanding and/or resolution of
the problems listed under the six headings above:
Ad. a) Okajima (1970, Otani (1973) - effects of frictional
confinement on the shape of ultimate strength 
surface.
Adv b) Smith (1953), Nishizawa (1969), Suenaga (1969) ,
Kosaka (1969) - attempts at unification of failure 
criteria, work on constitutive laws using principal 
stresses, and the introduction of compressive strength 
and splitting strength of concrete into mathematical 
modelling.
Ad. c) Hannant (1966) , Gopalakrishnan (1969) , Okajima (1970)
- measurement of creep under multiaxial stresses.
Ad. d) Suenaga (1969) - proposals for failure function on
the basis of kinetic analysis.
Ad. e) Bellamy (1961), Campbell-Allen (1962) - compression
tests on hollow cylinders subjected to internal and 
external pressure. Niwa (1967) - triaxial tests of 
failure criteria for mortar under triaxial compression
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Ad. f) McHenry (1958), Tsuboi (1964), Nishizawa (1969)
- tests under tension/compression stress fields. 
Kupfer (1969) - biaxial tension, tension compression, 
biaxial compression.
An important attempt had been made by Hobbs et al (1977) 
to formulate simple expressions showing whether structural 
concrete under specified stresses is safe according to ultimate 
and serviceability limit states.
This work was based on the large quantity of published 
information on the mechanical behaviour of concrete under 
multiaxial stress states and was presented in three parts:
The discussion, in general terms, of the assumptions on 
which the design criteria are being proposed.
Recommended stress levels both for normal and lightweight 
concretes.
Graphical representations and Appendix summarising the 
data used and justifying the proposed simplifications 
in the representation of multiaxial stress data.
Hobbs (1977) lists experimental techniques which have 
been employed as follows:
1 )  Loading through solid platens  - biaxial compression,
triaxial compression and tension plus compression.
2) Loading through brush platens  - biaxial compression and 
tension.
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3) Subjecting hollow cylinders to compression and 
torsion  - tension plus compression.
4) Subjecting hollow eg U n d e r s  to axial compress ion 
and internal or external pressure -  compression plus 
tension and biaxial compression.
5) Combined loading of cylinders through fluid membranes 
and solid platens -  triaxial compression, equal biaxial 
compression and tension plus equal biaxial compression.
He points out that serious objections can be raised to 
the use of techniques (1), (2), (3) and (4) and consequently
the significance of the results may be questioned. Such 
results have been excluded from his 1977 appraisal. The 
results which have been obtained using techniques (2) and (5) 
are■summarised in Figures 96, 9 7 and 98. The results are 
normalised with respect to the mean uniaxial compressive 
strength Uc (i.e. cylinder or cube strength). Also shown 
plotted on these Figures are the ultimate and serviceability 
stress limits proposed for the design stresses corresponding 
to the limit state design in accordance with CP 110 (>1972).
Uc
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FIGURE 96 - Strength of concrete >under multiaxial stress. 
Wet or air dried concrete.
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FIGURE 97 - Strength of concrete under multiaxial stress 
when a3f/u is less than 0.1.
Wet or air dried concrete.
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FIGURE 98 - Strength of concrete under multiaxial stress.
Oven dried concrete, lightweight concrete and 
the influence of pore pressure.
Recommended design information has been summarised in 
Table 2. The notations used in the Table derive from the 
fact that at any point within the concrete structure the 
stresses acting can be resolved into the three principal 
stresses o ^ ,  o ^ r The strains in the principal stress
direction are z ^ ,  z ^ r £3* As the concrete is normally used 
in compression, compressive stresses are taken to be positive.
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TABLE 2: Design stresses for concrete structures subjected to multi-axial stressesft
Principal stresses a, ^  a2 ^  a3 Compression is taken to be positive
Stress state Concrete type Ultimate limit state for 
collapse
Serviceability limit state*
Triaxial compression 
Oy ^  o3 ^  a3 >  0
v-°
W ith active pore pressure 
<  a3 >  0
Normal aggregate 
Lightweight aggregate 
Damaged but containing 
normal aggregatef 
lightweight aggregate
fflM = 0-45 f cu +  3 £73§ 1 
o,u ~ 0 45 f cu + 2 cr3
c , *= 3 <73 
or, -  2 a3
=  0 3 f cu +  2ct3§ ’ 
ayS -  0-3 f cu +  1*4 <r3
Normal aggregate 
Lightweight aggregate
crlM «  0 -4 5 /cw +  3 (7 3 -2 a p§ ’ § 2 
a iH “  0-45 f cu + 2 a3 — op
*= 0 3 f Cu +  2 tr3 — 1 •4cr/J§ 1 § 2 
a lS■*= 0 -3 fcu +  1 -4 a3- 0 ‘l op
Compression/tension
o i ^3 o 3 >  0, a3 < 0
or
ot ^  cr2 > . a 3 <  0
Normal aggregate a%u -  0-45 f cu +  20  ff3 § 3 
or
f f , - 0 - 4 5 / cw 
ffa“ "  20  20
Oys «= 0 3fcu + 20 cr3§3
_ o t-0-3fcu§4 
“  20  20
Notes * The serviceability limit state for sustained working loads or for fluctuating loads is taken to be 0-7 of the stress for the ultimate limit state of collapse, 
t Damaged concrete is concrete that is cracked but is contained by steel or by adjacent undamaged concrete so that it cannot break completely away.
§(1) The minor principal stress is assigned the minimum credible values it can attain during each stage in the life of the structure.
§(2) The pore pressure is assigned the maximum credible value it can attain.
§(3) o3 js tensile and should be assigned the highest credible tensile (negative) value that is likely to occur during the life of a structure.
§(4) ct, is assigned the maximum credible value it can attain during each stage in the life of the structure. *
/cu=characteristic cube strength, or the strength below which not more than 5 per cent of the results fall.
t t  These equations accept the observation, based on many published results, that the intermediate principal stress nas a very small effect on the failure stress
of concretes subjected to multi-axial loading.
In triaxial compression > 0
In biaxial compression ° 2  >  ° 3 = 0
In biaxial compression/tension cr-^ > o, Q U)
A O
In compression/biaxial tension > 0, Q Q 3 <0
At failure the principal stresses are °lf a 2 f  an(^
The design stresses for the ultimate limit state are
cr, , and a0 ,lu 2u 3u
and for the serviceability limit state are
o, , and a-Is 2s 3s
Pore pressure is a
p 3
Characteristic cube strength = f 
Material partial safety factor = ym
Mean uniaxial cube or cylinder crushing strength = U
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Concrete that had been damaged by the loading can still 
carry load provided that the concrete is constrained by 
reinforcement or by some surrounding, undamaged material.
For damaged concrete the minor principal stress o^ will 
normally be generated entirely by restraint from the adjacent 
steel or concrete  and hence depends upon the value of g^. 
a^ is therefore defined as its minimum credible value for any 
active applied  G ^ .
If the concrete is subjected to a pressure from a fluid 
that can permeate into the pores the equations are modified 
accordingly. g^ is the lowest credible value and g^ the 
highest possible pressure that can be foreseen in the particular 
application. If the minor principal stress is applied 
hydrostatically by fluid acting on*unsealed concrete (e.g. 
sea water at depth) experimental measurements have shown 
(G3 -* Gp) within a short period of time and hence the ultimate 
limit state of collapse
g ,  < 0.45 f + lu cu 3
and the deviatoric stress (the superimposed axial load) at 
collapse (g  ^ - g )^ is identical with the effective uniaxial 
strength of the concrete.
The equations given in Table 2 are represented in 
Figures 99, 100 and 101. Two sets of graphs are given for 
triaxial compression and one for stress state in which at 
least one principal stress is tensile and one compressive.
For triaxial compression there are two lines displayed for 
each concrete stress. The upper line defines the ultimate 
limit state for collapse and provided that any transient 
combination of major and minor principal stress throughout
- 131 -
the life of the structure lies below this line failure of the 
concrete should not occur. The lower line defines a safe 
working stress lever for sustained stresses or the upper 
limit of fluctuating stresses. It is generally prudent to 
restrict the magnitude of the minor principal stress to a 
value below the acceptable strength in uniaxial compression 
but this is not essential if proper precautions are taken to 
ensure that any subsequent changes in the stress levels do 
not render the structure unsafe.
300300bre 300
200200200
100too100
60 t)0 100
N /n im ?
M inor p rin c ip a l s tre s s , c r j
2010010060
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/
100100100100100
Icy = 30 N/mrn? 
 ' l I I
GO60
N /m m .
M inor p r in c ip a l s tre s s  C j
FIGURE 99 - Triaxial compression a a 2— a3 —  Normal aggregate
concretes. The upper line represents the ultimate limit 
state for collapse, the lower line is the serviceability 
limit state. Pore pressure zero, f characteristic strength, 
cube strength.
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The graphs for compression/tension combination are used 
in the same way but as insufficient information is available 
for lightweight concrete they apply only the concretes made 
from normal dense aggregate. If corresponding values of the 
major and minor principal stresses that occur during the life 
of the structure are represented by points below the lines of 
the concrete for specified cube strength cracking of the 
concrete will not occur. However, as limited cracking is 
allowed in many design situations the importance of this first 
criterion may not be very high.
200n 200b
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100100a 100100o
l cu» 40  N/m m '
4020
N /  mm2
M inor p rinc ipa l stress. ct3
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0  20 40
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Minor principal stress. C3
FIGURE 100 - Triaxial compression 0. Lightweight
aggregate concretes. The upper line represents 
the ultimate limit state for collapse, the lower 
line is the serviceability limit state. Pore 
pressure zero.
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FIGURE 101 - Compression-tension o  ^ > Oj < 0 or a^ < 0.
4 Normal aggregate concrete.
On considering the effects of multiaxial stresses on 
concrete it may be argued that the influence of the intermediate 
principal stress is so small that for all practical applications 
it can be ignored, especially as the safety factors introduced 
in the design greatly exceed its; possible influence. Safe 
levels of the major principal stress for different values than 
minor ones are given for dense and lightweight concrete.
These preliminary design recommendations are based on 
measurements that have been made on concrete with water:cement 
ratios greater than 0.35 and. aggregate volume concentration 
above 0.5. It is possible, but unlikely, that they will not 
apply to concretes of lower water:cement ratio. Concretes with 
the lower aggregate content are not likely to be used in 
structures. Measurements have been made at ambient laboratory 
temperature so the application of the data may not be relevant 
outside the temperature range of 5 ° to 30°C.
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Little information is available regarding the 
deformation of concrete under multiaxial stress configurations 
other than triaxial compression and even for this relatively 
simple stress system the information is limited. It can be 
categorically stated though that under triaxial compression 
the strains sustained safely by concrete greatly exceed those 
for uniaxial compression.
The stress strain behaviour of concrete subjected to 
multiaxial stresses is illustrated in Figures 102, 103 and 
104. As these graphs are based on a limited amount of 
information available they should only be used as a guide 
of stress strain behaviour. Except for the triaxial compression, 
concrete stiffness E, and Poisson's ratio v, may be taken to be 
independent of the applied stress system. In. Figure 102 it is 
assumed that concrete stiffness E, at the relatively low 
differential stress (g^ - a3)/uu is essentially independent of 
the level of restraint a H o w e v e r ,  there is some evidence 
that concrete stiffness E under triaxial compression decreases, 
Newman et al (1973) and Hobbs (1974), when o ^ >  0.3 U , reaching 
a value roughly 50% of the uniaxial value at a3 ^ uc * Poisson's 
•ratio is similarly affected by restraint falling from 
approximately 0.1 to 0.15 at 0< o ^ <  0.3 Uc , to approximately 
0.05 at g^ = Uc . However, the ratio v/E appears to be essentially 
independent of the level of restraint g^.
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FIGURE 102 - Stress-strain behaviour of concrete under 
triaxial compression.
Although it is apparent that greater effective strengths 
can be obtained by generating active compressive loads that 
can resist the attempt by the concrete to expand laterally 
under orthogonal compression, the design engineer ought to
also realise, at this stage, that as long as the magnitude of
strains is adequately controlled, it is also possible to
achieve a significant enhancement of strength by the use of
passive restraint. Lateral reinforcement in columns is one 
such familiar application, another being a localised compressive 
load applied by a large concrete member - a connection between 
the concrete column and the footing or the joint of a column 
and slab.
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E3 at failure
FIGURE 1Q3 - Stress-strain behaviour of concrete under 
triaxial compression
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1 cr1/o 3 = 1 /0  uniaxial compression
2 O'i /O3 = 1/-005
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FIGURE 10 4 - Stress-strain behaviour of concrete under 
tension plus compression (after Kupfer et 
al (1969) strain in micro-strain)
Furthermore, it should be stressed 
that the traditional description used by engineers to 
distinguish crushing  failure from cleavage  failure (see 
Figure 58) by referring to the latter as "brittle failure" 
is indeed inappropriate. In fact all concrete failures are 
brittle but proper detailing and judicious distribution of 
reinforcement to either contain compressive blocks and/or 
cross them as near as possible at right angles to the likely 
lines of cracks can ensure any required degree of ductility 
for all kinds of concrete including high strength normal concrete 
and lightweight concrete.
At present the analysis of non-linear behaviour of 
concrete, retaining the assumption of isotropy, is based on 
two main theories
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1) Theory of elasticity
2) Theory of:'elasto-plasticity
One should be encouraged to persist in advancing at least 
qualitative understanding of the actual behaviour of concrete 
under real triaxial, rather than mythical uniaxial conditions 
and therefore an understanding of the basis of elementary 
rheology becomes essential.
Rheology
Rheology embraces an exceptionally wide range* it includes 
overall analysis of phenomena related to deformation and flow of 
solids and in consequence leads to the inter-relation of numerous 
scientific disciplines, which apparently do not appear to be 
connected with each other.
As such rheology represents a synthesis of a number of 
scientific topics and exceeds the natural boundaries of physical 
chemistry from which it originated.
Concrete is in fact an artificial rock having an extremely 
wide range of physical properties which differ significantly from 
those which were fully investigated and sufficiently described 
by existing theories.
It is no longer sufficient to rely on the theory of elasticit 
or assume that even plain concrete is isotropic.
Figure 43 makes it abundantly clear that even the origin of 
deformation is more theoretical than real and especially so if 
practical application are considered as distinct from strictly 
controlled experiments.
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Creep, shrinkage and thermal deformations not only retain 
their traditional importance in the assessment of redundant 
reactions of hyperstatic systems or mere deformations of 
isostatic structures but can even change significantly the 
ordinary relationship between cube strength and cylinder strength 
or indeed the regime of test results itself (see Figures 54, 53 
and 58) .
Thus the overall view must comprise not only existing 
theories, which become merely particular cases, but has to take 
firstly full account of the actual physical behaviour relative 
to time, of particular kinds of concrete in various states of 
rheological equilibrium, and secondly should also endeavour to 
clarify the causes and the mechanisms of rheological phenomena, 
starting with a consideration of the molecular structure of 
cement gel.
At the present stage of knowledge, it is still premature 
to attempt to formulate a truly meaningful synthesis of the 
findings resulting from these two-pronged investigations.
Therefore, it appears to be sensible and necessary to establish 
(and to describe rigorously) first of all the behaviour of the 
most commonly used types of concrete, although at present the 
evidence for a full explanation is not yet available.
The significance of rheology in science and technology, is 
not limited to qualitative portrayal and quantitative determination 
of rheological phenomena in structures. It may, in fact be a 
significant influence on the development of the technology of 
structural materials, as for example in the case of the 
development of lightweight aggregate concrete.
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Elasticity and plasticity, among others, as well as hydro­
dynamics, belong to the sciences, the synthesis of which occur 
within rheology, and depict the characteristic behaviour of 
simplified theoretical models of real materials. Such a model 
is in fact a continuous medium and allows the study of real 
solids within a space occupied by continuous matter. A suitable 
phenomenological theory is then used to describe the motion of 
the enclosed matter.
Such theories deal merely with macro, rather than micro­
structure , of relevant phenomena. Consequently, elasticity, 
plasticity and hydrodynamics determine linear and non-linear 
deformations respectively as well as viscous or non-viscous 
flow. Thus singly, or in combination, it is possible to’ depict 
the deformation and flow of different kinds of concrete under 
various conditions.
It is evident that experimental findings are the essential 
means of verification of the actual behaviour of any real kind 
of concrete.
Olszak et al (1961) gives a useful summary of rheological 
models, see Figure 105 as well as a set of typical behaviour 
patterns which are shown in Figure 106.
a) b) c) d) e) f)
¥
FIGURE 105
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FIGURE 106
The most basic models depict elasticity (Figure 105a), 
viscosity - viscous damper (Figure 105b) and plasticity (Figure 105c) 
The combination of viscous and friction damper is shown, as 
alternatives, in Figure 105d. The corresponding deformations will 
be visco-plastic. The simplest connection in the series of (a) 
and (b) constitutes Maxwell's model (Figure 105e) which depicts 
relaxation, while the parallel connection of (a) and (b) is 
Kelvin's model which illustrates delayed stress increase.
Thus models without friction dampers depict visco-elastic 
media whose equilibrium and compatibility of deformation could 
be expressed by the following differential equation:-
.p / da d2_o_ dz d2 E . _ n
{ 7 dt ' dt2 ...............  7 dt 7 dt2 ----) - 0
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The order of the equation will be equal to the number of 
the dampers in the rheological model. It should be borne in 
mind that under instantaneous loading the dampers become shock 
absorbers or in fact infinitely stiff. On the other hand when 
t a the dampers may be assumed to have dispersed altogether.
This property permits the differentiation between the tangent 
and secant moduli of deformation.
The simplest models used to depict the behaviour of concrete 
are those demonstrating the following behaviour:-
a) visco-elastic (Maxwell-Thomson-Isz1inski) - Figure 106
line 2
b) elasto-viscoplastic (A.D. Ross (1950)) - Figure 106
line 3
The latter depicts better the behaviour of real concrete 
than the former although still in a very simplified way.
A more realistic but consequently more complicated model 
was given in Figure 30. It depicts not only the mechanical 
deformations discussed above, but also those which could be defined 
as spontaneous  and are caused by changes in temperature .-and 
humidity.
It does appear surprising that Figures 107 and 108 embrace 
the basic data of the very wide range of normal and lightweight 
concrete. Furthermore, Figure 108 is also useful in providing 
suggestive evidence that the post peak behaviour ceases in fact 
to represent concrete as such and instead illustrates the 
behaviour of the resulting non-cohesive rubble. This gives 
further emphasis to the author's assertion that a greater degree 
of rigour coupled with simplicity can be achieved in the treatment 
of ultimate limit states of concrete by abandoning the traditional 
insistence on using compressive strength as the most basic 
parameter and substitute it instead by the splitting or tensile strength.
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FIGURE 108 “ Schematic stress-strain diagrams for concrete with 
different aggregate stiffness.
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Mathematical Modelling 
List of Notations
cj or a o oct = octahedral normal component of 
stress (a^ + a2 + cr^ )
= in-plane principal stresses
= transversal stress
aij
a = {a^,a2, }
■c|
e or £ o oct
stress tensor
stress vector, where
0 ^ , 0 ^ r Q2 PrinciPal stresses
stress vector as fraction of the 
uniaxial compressive strength f
octahedral normal component of 
strain - (E;l + e2 + e3)
= in-plane principal strains
= transversal strain
= shear component of strain
Y = 2y
ou
3 1 e2^2 + ^ £2’’e3^2 + ^ £:3“E:l^2
deviatoric stress
deviatoric (octahedral shear) strengt
? = t  
->
f = o
mck
f = {o1o1- D
= strength vector
= strength vector as fraction of the 
uniaxial compressive strength f
= relative strength vector in case of 
uniaxial compressive loading
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f or f 1 or a c c o
2c
3c
2t
3t
A*S
B - t
11 = al+a2+a3
12 = ~ (aia2+a2CJ3+CT3crl ^
13 = al* a2 * a3
J. .li
hydrostatic axis
deviatoric plane
polar figure
= uniaxial compressive strength 
= equibiaxial compressive strength 
= equitriaxial compressive strength 
= uniaxial tensile strength 
= equibiaxial tensile strength 
= equitriaxial tensile strength
= component of the stress vector 
parallel to the hydrostatic axis
= component of the stress vector 
perpendicular to the hydrostatic 
axis
= first invariant of the stress tensor 
= second invariant of the stress tensor 
= third invariant of the stress tensor 
= invariants of stress deviator 
= axis in the strength space where 
° 1  =  ° 2  =  ° 3
y
= plane normal to the hydrostatic 
axis
= intercept of the ultimate strength 
surface with the deviatoric plane
biaxial strength envelope = intercept of the ultimate strength 
surface with one coordinate plane; 
it includes the strengths ^ 2 t r ^t'
fc and f2c
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Rendulic plane
triaxial compression curve
triaxial tension curve
K
E
v
plane which is described by one 
principal stress axis and the half 
angle between the two other axes; 
it includes the hydrostatic axis
curve in the Rendulic plane which 
includes the strengths fc , f2 _^ and
f3t
curve in the Rendulic plane which 
includes the strengths £3^/ an^
bulk modulus 
secant bulk modulus 
initial bulk modulus 
shear modulus 
secant shear modulus 
initial shear modulus 
Young's modulus 
Poisson's ratio 
coupling modulus
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The analysis of stress and strain is fundamental for 
all work on concrete structures subject to multiaxial 
stresses. As the evidence exists of sufficiently good 
agreement between accepted theories applied to rock 
mechanics and the number of prominent features of the 
experimental data on the artificial rock called concrete, 
it appears natural and prudent that reference should be 
made to many works on the theory of elasticity where rock 
mechanics is dealt with in detail. Notably Love (1927) , 
Durelli, Phillips & Tsao (1958) and Southwell (1941) provide 
the foundtions. These works, however, are more concerned 
with the solution of problems in elasticity than with the 
study of stresses themselves. In concrete, the stresses 
may have been derived from an established solution, or indeed 
even measured, in a particular case, and must be related to 
a detailed study of a specific stress field.
The analysis of stress is a matter of pure statics, 
quite independent of the properties assumed for the material, 
which may be elastic, plastic, viscous or a combination of 
these as amply explained in the sub-chapter on Rheology.
It is the analysis of strain which is fundamental for the 
study of the movement of any material. Mathematical models 
to be proposed will exclude large deformations and thus if 
the strains are infitessimal they can be evaluated in 
parallel with the stresses mutatis mutandis, and continuum 
mechanics, adopted as necessary, will form the basis of the 
postulations which follow.
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First and foremost, the most convenient way must be 
adopted to describe the same phenomenon regardless of the 
co-ordination system used in the formulation of the correct 
form of physical laws.
A tensor is a quantity which describes a physical 
state or a physical phenomenon, and which is invariant, 
i.e. remains unchanged when the frame of reference within 
which the quantity is defined is changed. If the value of 
the quantity at the point in space can be described by a 
single number, the quantity is a scalar or a tensor of a 
rank 0; if three numbers are needed, the quantity is a 
vector or a tensor of rank 1; if nine numbers are needed, 
the quantity is a tensor or rank 2. In general, if 3n 
numbers are needed to describe the value of the quantity 
at a point in space, the quantity is tensor of rank n. 
Equations describing physical laws must be tensorially 
homogeneous , which means that every term of the equation 
must be a tensor of the same rank.
The tensor concept provides a convenient means of 
transforming an equation from one system of co-ordinate to, 
another. A decisive advantage of the use of cartesian tensors 
is that once the proper ties of a tensor of a certain rank 
have been established, they hold for all such tensors 
regardless of the physical phenomena they represent.
The concept of tensor appears to be the most adequate 
analytical tool for the study of deformation. Under a 
transformation of co-ordinate axis, a scalar, such as the 
density or the temperature, remains unchanged. This means 
that the scalar is an invariant under a co-ordinate 
transformation.
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There are great similarities between the rules 
governing the behaviour of square matrices and those 
governing the behaviour of tensors. Yet, while a matrix 
is nothing but an array of elements arranged in.rows and 
columns, the components of a tensor must satisfy specific 
conditions when passing from one co-ordinate system to 
another. For example, a tensor of the second rank, 
can be symbolically represented by a square matrix of the 
third order:
W11 w12 W13
W21 w22 w23
W 31 w32 w33
but npt every square matrix is the matrix of an even-rank 
tensor. The addition of two tensors amounts to adding their 
corresponding components to obtain another tensor, and the 
multiplication of a tensor by a scalar amounts t o multiplying 
each of its components by the same scalar, the same is true 
for matrices. Like matrices second rank tensors can be split 
into a symmetric and an antisymmetric component. Furthermore, 
since the antisymmetric tensor has only three components, it 
can be associated with a vector. The general product of two 
first rank tensors can be presented in matrix form. For 
example, the general product = w ^  of the two vector
u(u1,U2fU^) and v (v;l'v2'v3) can be written as:
U1
1-1
I3
V 1 U1 V2 U1 v 3~ W 11 w 12 w 13~
U2 [_V 1 V 2 V3j = u2 V 1 u2 V2 u2 v 3
=
W 21 w22 w 23
A _U3 V 1 u3 v 2 U3 V 3 W 31 w 32 w 33
and yields a tensor of the second rank.
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Finally, it must be remembered that a tensor is defined 
by a given formula of transformation and is attached to a 
specific point in a given space; its components are all 
related to a given system of co-ordinates in this space and 
do not straddle on two or more systems.
The substitution tensors (see Kronecker Delta) and
the alternating tensors (see e . ) are the exceptions to the13k
rule that tensors must describe a physical phenomenon. Their 
components remain unchanged during the transformation of 
co-ordinates. Any tensor whose components remain unchanged 
during transformation of co-ordinates is called an isotropic 
tensor. Such a tensor possesses no directional properties. 
Therefore, a vector can never be isotropic , but tensors of 
any rank other than one can be.
Any tensor of the second rank has three invariants which 
do not change when passing from one to another system of 
cartesian co-ordinates. Another useful operation, often 
performed in tensor manipulation, is that of contraction.
It simply consists of setting two free indices equal to each 
other, thus dropping the rank of a tensor by two. The free 
indices become dummies, so for instance a second rank tensor 
becomes, upon contraction, a scalar or a tensor of rank 0. 
Furthermore, all properties of linear transformation are also 
those of the contracted, or inner, product'of a second rank 
tensor by a first rank tensor. The existence of principal 
directions, characteristic equations and eigenvalues, 
invariants and invariant directions, antisymmetric and 
symmetric transformations, Mohr's diagram etc. can be 
discussed directly within the framework of tensor analysis. 
Finally, any tensor can be decomposed into two parts 
referred to as spherical and deviatoric. The latter can be 
symbolically represented by a matrix with zero trace, and is 
called a deviator.
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The prime task of non-linear constitutive modelling 
is the generalisation of the uniaxial scalar relation 
o = f (e) to tensor valued variables.
There is certainly no unique representation, as 
normally only a single non-linear stress strain relationship 
is available from uniaxial experiments. Therefore, it is 
desirable to scrutinise exhaustively various approaches, 
used previously for describing non-linear multiaxial 
behaviour of concrete, before more rigorous formulations 
of non-linear elasticity and plasticity are considered for 
practical use.
During recent years these problems have been under the 
active consideration of the CEB's Commission II - Structural 
Analysis, which set a special Task Group*- Concrete under 
Multiaxial States of Stresses , under the Chairmanship of 
Professor Eibl (Eibl, Ivanyi (1976) , Eibl et al (1980).
The report of this Task Group is being finalised at present; 
Constitutive Equations for Concrete (April 1982) . Its 
recommendations could be summarised quite briefly as follows:
It recognises the need for realistic descriptions of 
stresses and strains in concrete taking into account 
cracked sections.
It admits that the most recent experimental data 
allows the postulation of suitable mathematical equations 
describing the relationship between an external multi­
axial stress state and the strains or distortions 
resulting from it.
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Based on the State of Art Report (Chen et al 1981) 
a suitable selection was made of formulations treating 
concrete as a homogeneous continuum. They allow a realistic 
representation of the following conditions:
A single monotonically increasing stress acting 
on a normal weight concrete without previous load 
history.
-2 -5- A moderate strain rate (e = 10 v 10 /min)
Hydrostatic stresses in the range of | a | 5 • | f |
Increasing stresses up to the ultimate, and as an 
approximation decreasing stresses for strains beyond 
the ultimate.
*
Cyclic loading, very high stress rates, long term 
effects, as well as the influence of temperatures are 
excluded for lack of sufficient experimental data.
As stated before, the previous failure models or rather 
the triaxial strength models, were also assumed to be isotropic 
for the sake of simplicity. This basic isotropy, however, 
allows for stress or strain induced unisotropis as the whole 
as for the differential material formulation. It only excludes 
unistropic materials with built in directionality.
Constitutive laws recommended by CEB Task Group(19 82) are 
still based on the theory of elasticity. In linear theory 
of elasticity the general constitutive law:
may be split into two linear parts, a first relation between
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the octahedral normal stresses and strains
E(a) a = 3 K • e = -t-t— ~— r- • eo o (l-2v) o
and a second independent relation between the octahedral 
shear stresses and strains
(b) t  =  2 G • y - ,, ' Yo 1 o (1+v) 'o
(for t / y , oQ , b q see Appendix B and List of Notations).
G, K are constant material parameters, the shear and the bulk 
modulus.
This type of formulation (a), (b) may also be adopted to
describe non-linear stress strain behaviour as follows:
(c) aQ .= 3 KS •
(d) xo = 2 GS • Yo
s swhere K and G - the secant moduli - are now functions of 
the particular stress or strain level, respectively:
(e) KS = KS (e. ., a. .)
ID ID
(f) GS = GS (e. ., a. .)
ID ID
In this case the relations between
(g) aQ and eq
t and y o o
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which so far have been independent are now coupled because 
of the equations (e), (f). On the basis of (a), (b), (c),
(d) respectively, also rate-type constitutive laws are 
available, which in their hypoelastic form - a counterpart 
to (c), (d) - read:
( h )  6 . . =  E . ? ,  ,  • e ‘  > C )  =ID lDkl kl' dt
where in general:
( j ) E . T,  , =  E  . 7 .  .  ( a  . . , e . . )
J/ lDkl lDkl id ID
Formulations similar to (c) and (d) were used 
traditionally in non-linear elasticity, where the current 
response is independent of the previous history for part 
independent behaviour. In contrast, rate models as (h) are 
used traditionally where the current response depends on 
the evolution of the entire material process for part 
dependent behaviour. From the numerical point of view the 
first class of finite constitutive models requires the 
solution of non-linear algebraic problems. Because of the 
limited range of convergence of most iterative strategies, 
the total formulation is usually transformed into an equivalent 
incremental statement in analogy to the rate type constitutive 
mddels. A possible "drift" due to finite load increments can 
practically be eliminated by iteration since the total stress 
strain formulation can be used to force the numerical 
solution back to the true path of evolution by residual 
load correction.
In contrast, the class of tangential rate models yields only 
information on the local infinitesimal linear elastic behaviour around the 
current response configuration. It provides no direct 
information on the true patn of evolution which has to be
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traced by an incremental procedure. Therefore, the step 
by step algorithms invariably inherit some truncation 
error of the numerical integration strategy and necessarily 
exhibit some drift which depends on the magnitude of the 
load increment and on the accuracy of the incremental 
algorithm which cannot be eliminated by residual load 
correction.
Table 3 below gives a summary of the relationship 
between the various elastic constants:
TABLE 3 -
Constant Basic Pair
>* T= II Etv E, p
X x v E 3 K -  2\i
(1 +  *0(1 -  2*0 3
p =  G p, G E2(1 +  V) M
K
3A +  2 p E A'3 3(1 -  2*0
p p( 3A + 2 p) t? 9Ap
A +  p Ct 3 K  +  p
A 3 A -  2 p
. 2(A +  p) V 6 K +  2 p
For the shear modulus, the letters p. and G can be 
interchangeable. Since K is positive for all physical 
substances, and E is positive, it follows that v> 1/2.
For a totally incompressible material v = 1/2 and p = E/3, 
p is the positive constant, therefore 1 + v> 0, and v> -1. 
Thus the values of Poisson's ratio appear to be limited to 
a range of 0 to 0.5 and 0 to 1 for incompressible materials. 
In reality, however, negative values of Poisson's ratio are 
unknown.
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The constitutive laws given on pages 153-155 have to 
be viewed with a degree of care, as on the basis of elastic 
theory,expressions are'being derived which have to represent 
non-linear relationships. Obviously common sense dictates 
that some degree of coupling should be expected between the 
bulk and shear moduli. However, many researchers claim 
that such coupling could be reasonably disregarded. To 
ensure the best basis for comparison, three different 
approaches are given in Appendices C , D and E .
Firstly, Appendix C gives an elegant proposal by N.S. 
Ottoson (1982). Secondly, Appendix D - an approach developed 
by Luigi Cedolin (1982), this attempts to formulate isotropic 
constitutive laws explicitly by expressing i-n terms of an 
empirical function e2) t h e  t n  plane components.
Thirdly, in Appendix E constitutive equations are given as 
proposed by K.H. Gerstle and H. Aschl (1982). These attempt 
to couple shear and bulk moduli by the use of the coupling 
modulus H.
Perhaps the most relevant and of immediate use to
analytical applications is the recent work by S.H. Ahmad and
S.P. Shah (1982). By using test apparatus shown in Figure
109, they obtained curves for the confined specimen shown
in Figure 110. It is apparent from the latter that up to
some 75% of the uniaxial strength, the confining strains
and are negligible, which indicates that the tensile
strength of concrete is sufficient for the development of
the triaxial field up to this limit. Indeed Figure 111,
which consolidates all reliable test results published to
date, gives an extremely good relationship between octahedral
shear stress ( t .) and octahedral normal stress (a . ) • oct oct
At meridian 0 = 0 ° ,  ^oct is approximately equal to <^oct/
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and for e = 60 , TQct is approximately equal to half of
a , . oct
The following (three parameter) relationships among 
the preceding three stress invariants at the ultimate strength 
are proposed:
(k) Toct
= o
in which the Lode angle 6, remains 0 <_ 0 £ 60°, and A, B and 
ip are constants. For 6 = 0°, when °i > a2 = °3 e<3uat -^on (k) 
becomes:
(1) loot = a + B foot
(m(i) ) A = 0.2261; B = 0.7360 for -  1.75
(m(ii)) A = 0.49076; B = 0.5851 for I 1.75
For the case of 0 = 60 , when ° ±  =  0 2  > a3 equation (k) 
becomes:
(n) oct .----  = \b
Oo
A + B (-22t)
ffo
where:
(o) ip = 0.686 for - 1.75> ifj = 0.610 + 0.0435 (-H^)
°o o
for 1.75 - - 8.96
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The relationships between principal strains at peak 
are shown in Figure 112.
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DESIGN RECOMMENDATIONS
It is generally accepted that the quality of 
reinforced concrete structures depends more on the quality 
of detailing (Leonhardt 19 77 and 1980) than analysis. 
Experience with low strength, highly plastic concrete even 
led to a dictum that concrete will work in the way in which 
it is detailed . This is true insofar that details which 
are too complicated lead frequently to poor workmanship. 
Furthermore, the persistence of the majority of engineers 
in their beliefs that, bending theory represents an 
acceptable solution for all beams and slabs, leads often 
to catastrophic consequences because of a misunderstanding 
of the role and fundamental importance of the anchorage at 
the ends of simply supported beams, as well as at the points 
of inflection of the continuous beams.
These problems, bad enough as they are, acquire truly 
frightening dimensions with the onset of heavily loaded, 
high strength concrete or lightweight concrete primary beams 
which fall just outside the limits of the conventional 
definition of a deep beam.
As was amply demonstrated in the "Rationale", every 
beam and even a slab becomes a deep beam in the vicinity of 
the support. Indeed, any statical, geometrical or material 
discontinuity invalidates bending theory and special 
attention must be given by the designer to these regions 
both with respect to detailing and analysis. These regions 
are characterised by a multi-dimensional stress state. 
Consequently, the designer must conceive a systematic and 
unbroken flow of forces from their origin to their final 
destination without violating the laws of equilibrium or 
the material characteristics of the structural medium.
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Even the most elementary unit, e.g. simply supported 
beam, must be divided into the relevant macro elements 
which are derived from the considerations of Chapter 5 - 
Rationale.
Figure 113 postulates such basic sub-divisions:
DEEP BEAM SHEAR/FLEXURE 
ZONE ZONE /i--- y—  ------
-vv
-M/L
- V V
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If concrete was fully plastic and not merely elasto- 
plastic or visco-plastic, then not only the deep beam , as 
defined in Figure 113, but also the intermediate beam 
could contain a compressive stress field, bent to a 
parabolic curvature in the case of a uniformly distributed 
load. However, numerous experiments carried out by many 
researchers over the last 20 years, indicate clearly that 
the critical section at which failure occurs under unformly 
distrubuted load ranges between 0.15 to 0.2 of the span, 
measured from the support. This range corresponds 
approximately to a shear span to depth ratio of 7. The 
parabolic compressive arch cannot be contained within the 
depth of the beam at such a distance from the support while 
maintaining the slope of not less than 24°-25° at the 
support,
Bending of the compressive force field to a curvature 
other than parabolic, under the influence of uniformly 
distributed loading is only possible if, at least, a 
triaxial stress field exists. Thus the tensile strength 
of concrete must be utilised to help in containing principal 
compressive stress trajectories within the fixed depth of 
the beam.
Further, suitably instrumented tests would be desirable 
to confirm and quantify better this hypothesis. However, 
both the logical arguments and experimental findings, as 
discussed in Chapter 5, appear to present a virtually 
irrefutable case.
A fickle material such as concrete cannot simultaneously 
be rigorously exact and simple. Simplicity and accuracy must 
be judiciously balanced against each other and extrapolation 
of purely empirical formulae forbidden.
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Once a coherent physical model, complying with the 
laws of mechanics is established, then and only then, will 
rationally conducted research lead towards consistent 
factors of safety and increased economy. Such an approach 
would also help in improving the quality of designers as 
design procedure could be visualised and not merely 
understood analytically. This could also reflect beneficially 
on education and training.
As long as the designer realises the limitations of 
concrete as an elasto-plastic medium, he can start with the 
determination of compressive and tensile stress fields in 
uncracked members. The time honoured St Venant's principles 
remain a good starting point as any, and are illustrated in 
Figure 114 for a simple case of a simply supported beam 
with two point loads near the supports. It was amply 
demonstrated experimentally that the compressive stress 
field can, under the influence of a point load, deviate by 
up to 20° and thus, for design purposes Figure 115 
constitutes a rational start.
FIGURE 114 - Photoelastic diagram of a beam in pure bending.
The upper and lower fibres in the centre portion 
have 6 units of stress; in the four corners of 
the beam the stress is zero; under the loads it 
is greater than 10 units. Den Hartog (1961)
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WEDGE
FIGURE 115
If such a model is applied to a solid slab or
secondary rectangular beam for instance, the compressive
strut shown in Figure 115 could reasonably be relied upon
to provide an acceptable y as long as the resultingo
compressive stress at its mid-section does not exceed the 
cylinder strength divided by a ymc of at least 1.5, 
multiplied by a suitable y^. In more important or sensitive
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cases,such as thin webbed beams, brittle failure would 
be unacceptable and sufficient reinforcement must be 
provided to ensure ductile failure after the concrete 
splitting strength is completely ignored, see graph on p.170.
In all cases proper anchorage , by bond or mechanical 
means, of bottom tensile reinforcement must be provided to 
preserve the integrity of the hydrostatic wedge at the 
support which in turn ensures the stability of the system.
It can thus be concluded that the first macro element 
of any simply supported beam can combine precision of 
definition with real simplicity and as such could be 
compared with the case of pure flexure which was fully 
discussed in "Rationale" and does not require any further 
elaboration.
However, more attention is required in considering 
and explaining the behaviour of the shear/flexure macro 
element.
As mentioned above, the overwhelming experimental 
evidence dictates, that the minimum inclination of the 
compressive field at the support should not be significantly 
under 25°. However, the shear span to depth ratio of 7 
which defines approximately the critical section of flexural 
concrete members without shear reinforcement would indicate 
an inclination of the compressive field of as little as 10° 
or even less - Leggatt & Bobrowski (1961) and Bobrowski & 
Bardhan-Roy (19 69) . These tests revealed two important 
facts:
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Gompertz's Equation: y =<* + a.b. where a, a, b,& c 
are constants can be used to reflect continuously the
relationship between normalised shear capacity and K . 
The actual equation for the qiven section used was:-
y = 1 - 0.90x0.0095 3
Cross hatching shows the amount of shear reinforcement 
to ensure ductile failure and constant shear capacity 
along the span.
0.8
0 .7
0.6
0.5
0 .4
0 .3
Shear carried  
by concrete
0 4 6 8
Kv = shear span
10 12 14
effective depth
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1) The shear capacity of one I-section was found to 
be equivalent to that of a rectangular section of
the same external dimensions and tensile reinforcement.
2) Another I-section, tested in the same series, had 
an ultimate shear capacity of some 300% less than
a rectangular section of the same external dimensions, 
and 300% more than a T-beam with the same width of 
flange and the same size web.
Comptability between experimental results and 
numerical predictions were only achieved when an imaginery 
web, equal to the width of the effective connection between 
the web and the flange, was introduced. A viable physical 
explanation of these findings is possible by postulating 
that the compressive stress field which starts at the 
support with an inclination of 2 4° is subsequently bent by 
the influence of the uniformly distributed load plus tensile 
strength of conerete , by some 14°.
Figure 116 illustrates how the field enclosed by a 
vertical ellipse transforms, in a streamlined fashion, into 
a horizontal ellipse at the shear span to depth ratio of 
approximately 7. However, this results in a 10° unbalanced 
hydrostatic wedge at this section which must fail under a 
deviatoric stress which, for all practical purposes, is 
equal to the flexural compressive stress. This result 
tallies well with the failure meridian with Lode angle 
6 = 0° in Figure 111 of the preceding Chapter.
-  \ V l  '
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These results were obtained by using the following 
equations:
0.&261
(4) = 0.2fi61 + .0.7360
0-2261
(5) To c t a . b . n * r V
d b..c 1where a = 0.624 x -y, and b =
The hypothesis is confirmed by reference to a set of 
elegant and extremely well documented tests carried out by 
Pinto and Calzona (1977), and the results are given in 
Figure 119.
Figure 117 shows photographs of beams R20 and R25 
from the Pinto/Calzona series, at the instant of failure 
which occurred, understandably, on the side of the 
hydrostatic wedge with no shear reinforcement, noting that 
"classical shear" overstressing is on the left. In this area, 
with increasing deformation, the internal forces acting on 
the boundary of the hydrostatic wedge, progressively reduce 
the effect of the boundary restraints and lead to a state 
of stress with at least one of the principal stress components 
reaching the limit of tensile strength. The peculiarity of 
detailing creates asymmetry which would indicate that 
analytical predictions could sometimes be marginally higher 
than experimental results.
R
A
-2
0
FIGURE 117
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In each of the nine beams tested the experimental 
findings and analytical predictions using failure meridian 
6 = 0° are exceptionally consistent and therefore it is 
reasonable to postulate this approach as the correct way 
leading to rigorous analytical analysis of the shear/ 
flexure phenomena.
Figure 118 outlines a bend compressive force field 
which changes direction under vertical loading from the 
stirrups instead of the uniformly distributed load prevailing 
in Figure 116.
FIGURE 118
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The mechanism of load transfer from the bottom of 
the stirrups towards the compressive field is not of 
critical importance as, in each case, failure occurred 
to the right of the point load, see Figure A. 2 - Appendix 
A. However, when such a result is considered the Author 
still prefers Kani's model although a suitable truss method 
could also be used.
It should be noted that beams R19, R22 and R25 
(see Figure 119) are over-reinforced in shear. It is futile 
to provide shear reinforcement capacity over and above what 
could be utilised without exceeding limiting deviatoric 
strength. Thus, a further development of the analytical 
method proposed by the Author would provide means for a 
rational determination of the upper limit of shear reinforcement.
A
For the ideal situation the shear reinforcement is only 
required to reach the deviatoric capacity of the horizontal 
compression zone. Further increases could be achieved by 
reinforcing the compressive zone itself by analogy to 
reinforced concrete columns. Only then would it be worth­
while to further increase the shear reinforcement.
Part of a continuous beam or any flexural member, 
between the points of inflection, can be treated analogously 
to a simply supported beam, and the approach discussed above 
can therefore be universally applied to all situation.
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CONCLUSIONS
The stated object of this investigation was to review 
the rational and safe use of plain, reinforced and 
prestressed concrete as a structural medium.
It is concluded that:
1) There is no basic difference between reinforced and 
prestressed concrete at ultimate limit state.
2) The traditional, uniaxial approach, to evaluating 
the ultimate capacity of concrete members is valid 
only for flexure as a dominant action.
3) The "engineers shear stress" concept has no direct 
relationship to shear failure.
4) Any statical, geometrical or material discontinuity 
invalidates the bending theory and special attention 
is required by the designer to these areas both with 
respect to detailing as well as analysis.
5) A rational analytical solution for beams up to 
shear span/depth ratio equal or less than 2.5 is 
possible by considering the triaxial strength of a 
concrete strut and properly anchored reinforcement. 
See pages 77-79 and Figure 115, page 168.
6) An empirical solution for sections dominated by
combined shear and flexure, 2.5 < K <7, and based' v '
on a sufficient number of relevant variables is given 
in pages 80-86. Also see equations 2 and 3 on pages 
83 and 84 respectively.
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7) It is postulated, and pointedly justified, that the
upper limit for vertical shear reinforcement to be
used in connection with equations 2 and 3 should be
checked analytically by direct reference to the
multiaxial stress field at the juncture of the
compression force field due to flexure and the
curved compress ion force field in the region of
2.5 < — < 7 (see equations 4 and 5, effective depth ^
page 172 and Appendix A, Figure A.3). This approach 
shows the greatest amount of promise for rigorous 
analytical solutions .
Further research of multiaxial behaviour should be 
actively encouraged to investigate tensile strain 
concentrations and consequential restraint of the 
transverse and vertical expansion in the region of 
the hydrostatic wedges adjacent to the compression 
flanges, see Figures 115, 116, 117 and 118.
8) The optimum cross-sectional area of a stress field is
given by a circle whose radius r = /a.b, 
d b
C 1where a = x 0. 624 and b = ~ -
If the radius of the maximum circle (see section 
X-X Figure 116) which could be inscribed at the 
juncture of the web and flange is less than'r'then 
the semi-axis of the ellipse, b, must be decreased 
accordingly so that the area of the ellipse does not 
exceed that of the optimum circle.
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Finally, it cannot be overstressed that any strength 
capacity considerations should be preceded by careful 
evaluation of stability followed by an assessment of the 
probable modes of failure. Instead of many numerical 
parameters, or even worse, arid statistical probabilities, 
modern Codes of Practice could better serve their ends by 
specifying the desirable features of the load-deflection 
curves for principal structural members or, where practicable, 
the structure as a whole.
Figure 120 illustrates such requirements
( a )  ( b ) ( c )
LOADLOAD
collapse.
nominal
failure
nominal
failurenominal
failure /
co llap secollapse
>-
DEFL.DEFL.DEFL.
IN A D M 1 S S 1 B L E  PASSABLE D E S IR A B LE
FOR REINFORCED CONCRETE
FIGURE 120
The behaviour illustrated in Figure 120 (a) may
only be permitted for plain concrete where a properly
enhanced y factor ensures the limitation of the c
consequences of a brittle failure.
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The work hardening curve shown in Figure 120(c) 
should, whenever practicable, be adopted as the desirable 
goal. As an incentive towards good design y = 1 could 
reasonably be permitted in such cases, unless exceptional 
structures are contemplated. With judicious detailing 
and good analysis the characteristics exhibited in Figure 
120(c) can be achieved within the most stringent limitations 
of cost and time.
It may be noted that the early structures designed 
by Hen ique, and the traditions which evolved from the 
connections proposed by him, as illustrated in Figures 6 
and 7, led to such structures as that shown'in Figure 25 
which did not collapse following the blast from an atomic 
bomb only 0.16 km from ground zero. By contrast, the 
"trussed bars", conceived by the theorist Kahn (see 
Figures 9 and 10) led to the spectacular collapses 
illustrated in Figures 11, 12 and 13. These are cannily 
similar to the modern catastrophes illustrated in Figures 
22, 23 and 24.
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APPENDIX A - EXPERIMENTAL FINDINGS AND THEIR EVALUATION
Pages 184-199 - Tabulated results and graphs calculated
from PINTO & CALZONA's experimental 
findings.
Pages 200-209 - Tabulated results and graphs calculated
from MOAYER & REGAN's experimental 
findings.
Pages 210-218 - Tabulated results and graphs calculated
from BENNETT & DEBAIKY's experimental 
findings.
Pages 219-228 - Tabulated results and graphs calculated
from SWAMY & BANDYOPADHYAY1s experimental 
findings.
Pages 229-232 - Calculations from KIRMAIR's findings.
- 184 -
TABULATED RESULTS AND GRAPHS CALCULATED 
FROM PINTO & CALZONA'S EXPERIMENTAL FINDINGS
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FIGURE A. 2 - Beams showing consistent and distinct 
modes of failure
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TESTS ON PRESTRESSED BEAMS BY PINTO & CALZONA »a5?rdgS> - 3-38
Beam
No.
A .f _
b T i *  N/mmVI
V  (KN) u
Test Result
V u (KN) calculated from Eq. 2^3
Concrete Max. for 
links.
Total
Rl9 3.1 111.8 60.7 66.1 126.8
R20 1.86 110.9 62.0 39.7 101.7
R21 1.33 107.9 60.7 28.3 89.0
R22 2.91 109.8 60.9 62.1 123.0
R23 1.75 106.9 60.8 37.2 98.0
R24 1.25 101.0 61.6 26.6 * 88.2
R25 2.91 109.0 61.5 62.1 123.5
R26 1.75 1 1 1 . 0 61.6 39.7 101.3
R27 1.25 96.1 60.9 26.6 87.5
TABLE A.l
- 188 -
'Pjnlo £  CaJzono, ?20
*
£
£
f y p - f o  
^  A c.
/>
ca. -
L j9 0 S // /w n z 
luSONjmin 
lb S b N lm .M , 
2 0 / - !  m m 1- 
/13‘! M/>v_
2 3 3 3  /k m .
3 -&92x. ID AVH 
2 3 3 - 3  
Q - t f S ’x lo 'i
- 3
F t  = M / F s As/ S
= 2O M  XI if SO i-113'l a  J/90 
= 2-BZ x 10s i- S S f  kIoi 
-  3-U7a/0S/A
f c  -  0 -t> 2 .!f x y 7 i 
» 29-33 /V/wyv
/\c - tt
I F
-  h j r z j j a  
^ ' 3 3  H z
- 1-/& x/07m m -
M s  =  A c .
b
/■/fixtol
2 S o
- 189 -
z - .  y o o - ( f s - i - y i f )
= 3 3 1 ‘i fu/ty
Mux =  f t  x Z  <-
=  3 -H 7 X /0  x  331- f  
=  //S~a 1 0  A frx ix x -
Mcx =  O-Bisd. Ii/f0 ‘3y2.b V -  0>3jdccxjz J f 'J  Ko-bb
= /? ■87S'x 3^6k /P.OOJ~0'342a/QO-t 0-3a /7Sa 10^ fffJ 'H  77//A-fc6>
^ J 2 M/ZOO J Vfj&Fl
= l - H V  x ! D 7 M m o l
Ycx =  f - H fx lo7 
W o o
= (g-i' x i q I  U
Ys -
= 5 7  x H 3 Q X 3 S 5 '
<250
- ^ - 0 / x / o * t  M
Vfaat) = i . e n x i c f / Y
£ x p  V  -  / ‘/ 0 9  x / o s A t
- 190 -
/ -
2$0
ip
ipO
to
2*j0
10
bO
Ft - Aps/ost Asfy
-  2 0 1 -1  x / y s o t / ' 3 ' l x  i 9 o  
= 2>‘ H 7  x / 0 s N
Fc& -  O '& z * /
= 2 2 ^ ( 0  N /M f ty
A c  = _Fjb 
f t
- 3'i/7*)Os 
z 2 < y b
/ ' $  f  A 1 0 1  m 2
etc = A c
i
U ol ■
if:
/fc *= 
/> -
/-SH X Joi 
Z S O
= £> /' (o y> &  0  n u i^
\  f a *  f r 0  t 2 f M y a j . o i  - / - e x / o * )
( 9 s x  g
'  2 /7?/ri
/?2!
~ 3b> tf/mnt
- y S O M n tn i*
= l y s o /m t s F  
= lfc $ 0  f l lm /n T  
l O t - t  rn /n z 
1 1 3 * 1  n i f i t  
2 3 d '3  rru n F  
S‘b 9 3 * 1 0 ^ /n n i’
- 191 -
Jo 4-/ncL Cfr 0/  Ac,
&C2X 250 a 30 - f3a/0
93 X ‘f-Z X£x±2= '///a/0s
3  --------
J-Sf MDt ff'S/K /Os
•' C &  ~ V - 5 /x t c A  
/ • s y  x / o j
-  2 d '3  / 77m
3.2 = f o o  - frs-t 29*)
= 3 2 3 7  /n m
M h x  =- f t *  z  s
= 337x10°a  322-7
=- J'f3 x JO A//wn.
— -  -  ■■ ■ ■ 1 — *
M e t  = 0 3 ] 3. d- Iv-f 03722
= p -g?Cy ?CO< 12.00/O^+Aitxi-t-Q-jx/'iojuu y / /  Ib'Ob
3SS* v 1200 7V/% - > /8M 03 A l b S o
= 7 - 2 &  a / 0 1 T im m
Vox = 7-28 x m 1 _ =  c>-07a io 2H  
J200 J -------------------- -
14 =
* ^7 x 1 3 0 x  3 5 3  
230
= 2 ‘8 3 x l O it * V
V(bfaiy f l - d x / Q ? T V  
f y p  Y  = 1 0 - 7 3 x 1 0 ^ /v
- 192 -
t50
fSp
C t
*  4^s
n C
A
f t *  Apsfys-i-fcJy
-  20l‘ ltfM50 -f / / S / A  H40 
~ 3 ' P x  J Q S / /
*
l o t  = 0-62<j a p  
- 2& '83 / A
A c  - J l
F ccl
S
= i ± % / 0
=■ h 2 % Z  X I O
d o  =■ -Ac*.
~ / 2 B Z K I Q 1  
2 5 0
-  5/^9 m m .
Z  = lfo o  - ^*fS+2LL.
=- 3 2 D ' 3 b  m .n t
ft. 22.
- Us Mlmm.1
, U b O N /r h M 2- 
-- fp o N /p u n A  
-- /bSO w/t*UM
' /£>/</ m m
= HZ- f  tnt*
- 131-6 MJn2
~ 3"t>95xi0?'m # i  
237
S -G S S tlD f
& - p *10~S
- 193 -
H u S  ~ /■ £  x Z-
= S i 9 x  IO SX  3 2 S - 3 0  
~ ± 3 x JO^A/znsyu
71 cx -- O'SIS d .  Lv[0'3j2 b^'-t- 0'3Mli> He-bC,
M c x -  0  ‘Z l S x S S S x  1 2 0 0 [0  > 3 ^ 2 X 1 0 0  + 1-13 A ! 0 ? / w T t f l  f / O - U
M c x  ~ 7-3/ x 107 N m m
■= 57 x y e o x is s  
/SO 
-  0  - 2 ! x I D  y  M
V(lolai) -  /2'3 x !Qi fj
ixp V  = /o-SB x
(3S5)Z V 1200-fNG, /6S0
Yes -  M c x  * V H  x / Q 7 
iv 1200
-  6 - 0 3 *  1 0 1 0 /
- 194 -
I S O
60
Go 
2 0
I p
\zo
6 0
f  ■
•/«. -• 
JA fS  =
^  = 
C M W flS  =
^  = 
/° **
R 2 ° >
/ 1 - 0  N J m /r> 3~ 
I/S O  N ym n ft 
h & 0  f/J/nm
/  650 A//mm2' 
2 0 H  m m 'L 
I I3 ‘I
2 3 7  m m  
S 'O O S a IIR  m xn  
6 - / / X I V 3,
f t  = A/sfys +  A s j y
= 2 0 f > / x i u s o - f  //£•/ X H  O  
-  3 ' H y x  j o ^ T v
feu.  ^ O'0 2 / x UhO 
* = Z S - f N / t n / n 2-
fbA c, -
ole =
F a t
s
3 - 7 2 X / 0  
25'6
7-3/x l o l  m /x f 
A c
AM x )o1 
2 5 0
-  5 3  ‘( /m m
- ^ o o  - ( / S i  S3'o ')
- '322>'2/nsr)
- 195 -
M u x  = Ft x z
= 3'Hyx/O a 328'2 
= /</3x/08
JVcx ~ 0-975. d ‘ Lv. [0'3y2b 3
-  0-875*355x]?nr>/o'3i/2xioo+0 3 * I>l3x!08j09M  7 / /fc-66
3552 V 1200 -> ^  f/X/o'i/iOD
- 7-3! A 10 ^  f\f//uY)
Vex = 7-3/ X IQ1 
/zoo
-  b - o e x i o F  ft'
Vs -  ^svA1 -M f'd -
*  57 X 730X355'
350
— 2't>S>X 10^ f7
V4nkJ.*  3-75a ! 77
y&Yfi - 9 '0 /7 l0 f  77
- 196 -
Beam ifoct from Eq4. 0.624d c
a =■= 0 . 624d 
2 C
b = b ' 
2
V -V~ ab^oct Vtest
N/mm^ mm mm mm KN KN
R19 34.896 38.6 19.3 50 105.8 111.8
R20 45.222 29.53 14.765 50 104.88 110.9
R21 34.896 38.6 19.3 50 105.8 107.9
R22 41.368 32.0 16.0 50 103.97 109.8
R2 3 38.484 34.4 17.2 50 103.97 106.9
R24 47.143 28.1 14.05 50 104 .0 101 .0
R2 5 43.295 30.56 15.28 50 103.92 109. 0
R26 45.222 29.3 14.65 50 104.1 111.0
R2 7 39.446 33.6 16.8 50 104.1 96.1
TABLE A. 2 - Showing the comparison between test values of
V (kN) and calculated values using deviatoric stress
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FIGURE A. 4 - Beams showing inconsistent and abnormal 
modes of failure
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FIGURE A. 5 - Graph showing relationship between normalised 
deviatoric stress and octahedral stress
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TABULATED RESULTS AND GRAPHS CALCULATED 
FROM MOAYER & REGAN'S EXPERIMENTAL FINDINGS
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FIGURE A .6 - Details of Test Beams
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TT 3
Beam P48 Vu = 141-07 KN
Beam P11 Vu= 109-92 KN
Beam P41 Vu = 69-87 KN
Beam P26 Vu = 170-0 KN
7 7 .
XT
Beam P50 Vu -230-07KN
FIGURE A. 7 - Crack patterns of prestressed beams with stirrups
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3E A M
NO
m a im  r e i n f o r c e m e n t
(T E N S IL E )
SHEAR
REINF.
bw.S
Vu
KN
TEST
Vu CALCULATED 
FROM EO 2 & 3
V„ CALCULATED TO CP 
AS PRESTRESSED SECT.
110
Concrete
MAXm 
DUE TO 
LINKS
TOTAL Concrete
MAXm 
DUE TO 
LINKS
to ta l
pi 
s- 991
Type 1 4 - 11mm Strands 
d = 262mm 1.06 
* *
140.2 107.7 41.6 149.3 80.9 41.6
122.5
P2 
s= 991
Type II 4 - 10mm Strands 
2 - 10mm Bprs 1.06 * *
140.2 103 42.4 145.3 70.8 42.4 113.1
P3 Type III 2 - 11mm Strands 
2 - 13mm Bars 
d = 285mm
1.06 
* *
130 102.7 45.3 148 57.7 45.3 102.9
Vi 
s= 991
Type IV 2 - 10mm Strands 
2 - 16mm Bars 
d - 274mm
1 .06 
* *
142 101.8 45.3 147 51.4 45.3 96.7
P5 
s- 991
Type V 2 - 16mm Bars 
2 - 13mm Bars 
d = 274mm
1.06 
* *
145.1 95.6 43.6 142.4 43.6
P6 
s= 991
Type I
as for beam PI 1.06 138.8 106.8 41.6
148.4 80.9 41.6 122.5
P 2 3  
s“ 991
Type I X  4 - 16mnnBars 
d = 277mm 1.06 
* *
160.2 100.7 44 144.8 44
P24
s= 991
Type VIII 2 - 11mm Strands 
2 - 16mm Bars 
d ■= 281mm
1.06 
* *
147.7 108 44.6 152.6 60.8 44.6 105.5
P 2 6  
s= 99
Type VII 4 - 11mm Strands 
1 - 16mm Bars 
d - 266mm
1.06 
* •
170 118 42.4 160.4 86.2 42.4 128.6
P 2  8 
s = 9 9
Type VI 4 - 11mm Strands 
2 - 16mm Bars 
d - 268mm
1.06 
* *
194 125.13 42.4 168 88.1 42.4 130.5
P49
S'99 l
Type X 4 - 11mm Strands 
4 - 16mm Bars 
d - 269mm
K 0 6 190 135.9 42.8 178.7 91.1 42.8
133.9
TABLE A. 3
- 204 -
Vu CALCULATED Vu CALCULATED TO CP n o
BEAM
NO
SHEAR FROM EO 2 & 3 AS PRESTRESSED SECT.
M A J  n  ni.inrunu i . m t i ' i i
(T E N S IL E )
REINF.
AY.fy
bw.S
Vu
KN
TEST
Concrete
MAX'71 
DUE TO 
LINKS
TOTAL Concrete
MAX'71 
DUE TO 
LINKS
to ta l
P7
s=1499
Type I 4 - 1  linra Strands 
d = 262mm 0.71 
* *
93 87.2 27.6 114.81 59.1 27.6 86.7
P22
s=14 99
Type IX 4 - 16mm Bars 
d = 277 0.71
#*
109 86.6 29.4 116 29.4
P25
s*1499
Type VIII 2 - 11mm Strands 
2 - 1 6mm Bars 
d = 281mm
0.71 
* *
104 92.8 29.9 122.7 47.7 29.9 77.6
s= 1 499
Type VII 4 - 11mm Strands 
1 - 16mm Bars 
d = 268mm
0.71 
* *
114.8 99.8 28.4 128.2 64.1 .28.4 92.5
P29
s"14 99
Type VI 4 - 11mm Strands 
2 - 16mm Bars 
d - 268mm
0.71 134.8 106.6 28.4 134.9 65.8 28.4 94.2
Pb
s-991
Type VI
as P29 0.65 178.4 124.8 25.9 150.7 87.7 25.9 113.6
PI 3
s = 991
Type VIII
as P25 0.65
*
140.2 106.7 27.3 140.4 60.7 27.3 70.2
P 18 
s = 99 1
Type VII
as P27 0.65
*
160.2 117.3 25.9 143.1 85.9 25.9 113.5
P20 
S'991
Type IX
as P22 0.65 120.2 100.4 26.8 127.2 26.8
Type X 4 - 11mm Strands 
2 - 16mm Bars 2.0
+
230.1 138.4 81 219.4 91 .1 81 172.1
• fy 
.. fy 
... fy
= 310 
= 255 
= 283
N/mmf
N/nm.
N/mm
TABLE A . 4
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BEAM
N O
m a i n  r e i n f o r c e m e n t
(T E N S IL E )
N/mm^
SHEAR
REINF.
A v.fy
bw*5
KN
V u
KN
TEST
Vu CALCULATED 
FROM EO 2 & 3
Vu CALCULATED TO CP 
AS PRESTRESSED SECT.
w
Concreie
KN
MAXm 
DUE TO 
LINKS
TOTAL
KN
Concrete
KN
MAXm 
DUE TO 
LINKS
TOTAL
KN
P10
s-991
mm
Type VII 4 - 11mm Strands 
1 - 16mm Bars 
d “ 266mm
nil 160.2 116.1 116.1 86.2 86.2
P U
s-991
Type VIII 2 - 11mm Strands 
2 - 16mm Bars 
d = 261
nil 110 103.6 103.6 60.8 60.8
T12
s = 1499
Type VIII
as beam Pll nil 68.1 92.8 92.8 47.7
47.7
P15
s-991
Type VI 4 - 11mm strands 
2 - 16mm Bars 
d = 268mm
nil 160.2 125.13 125.1 88.1 88.1
P 16
s ‘1499
Type VI
as beam P I 5 nil 112.6 105.4 105.4 66.3 66.3
P 17
s-1499
Type VII
as beam P10 nil 105.9 98.03 98.03 63.6 63.6
P47
s-991
Type X 4 - 11mm Strands 
4 - 16mm Bars 
d •* 269
nil 160.2 139.2 139.2 91.1 91 .1
P48
s-991
Type XI 4 - 11mm Strands 
1 - 16mm Bar nil 141.1 117.7 i yi. 7 85.2 85.2
TABLE A.5
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BEAM
NO
MAIM REINFO R C EM EN T  
(T E N S IL E )
SHEAR
REINF
Av .fy
b w $
Vu
KN
TEST
Vu CALCULATED 
FROM EO 2 & 3
VtJ CALCULATED TO CP 
AS PRESTRESSED SECT.
110
Concrete
MAXm 
DUE TO 
LINKS
TOTAL Concrete
MAXm 
DUE TO 
LINKS
TOTAL
P9
s=149‘
Type VI 4 - 1 1mm Strands 
2 - 16mm Bars 
d = 268mm
0.44
*
120.2 104.5 17.6 122.1 65.8 17.6 83.4
P M
s=149?
Type VIII 2 - 11mm Strands 
2 - 16mm Bars 
d = 296mm
0.44
*
96.6 93.3 18.5 111.7 47.6 18:5 62.5
P 1 9 
s=l 49!
Type VII 4 - llmm Strands 
1 - 16mm Bar 
d - 268mm
0.44 109 99.9 17.6 117.5 64 .1 17.6 81.7
P21
s=149!
Type IX 4 - 16mm Bars 
d = 277mm 0.44
*
89.9 86.3 18.2 104.8 18.2
* fy = 3 1 0 . 5  N/mm^
TABLE A.6
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TABULATED RESULTS AND GRAPHS CALCULATED 
FROM BENNETT & DEBAIKY1S EXPERIMENTAL 
FINDINGS
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Bennett & Debaiky
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FIGURE A.9
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Stirrup, showing studs for measuring points
Stirrups with measuring points in mould for 
casting
FIGURE A . 10
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TESTS OK POST-TENSIONED I BEAMS by Dr BENNETT t DEBAIKY * 8 “ 3,02)
Bean; No. y V' ■ N/mm’ Vu (kN) 
Test Result
Vu (KN) calculated 
from Equation 2 & 3
Vu (kN) to CP 110 
(Material safety factor Ym “ U
w
Concrete Max. for links Total Concrete
Max. for 
links
Total
N'L-6-24 0 0.860 82.40 52.352 -13.076 65.428 41.198 13.076 54.274
KM-6-24 0 1.100 89.00 49.447 16.721 66 168 40.911 16.721 57.632
NM-6-240 1.207 89.00 46.183 18.346 64.529 41.088 18.346 59.434
SL-6-160 1. 164 90.50 50.083 17.694 67.777 40.960 17.694 58.654
HL-6-80 2.372 106.40 50.810 36.043 86.854 41.094 36.043 77.137
NL-10-240 1.754 93.50 50.810 26.556 77.466 40.847 26.656 67.582
N'M-8-240 1.812 80.00 46.183 27.543 73.726 41.012 27.543 68.555
SM-10-160 3.530 102.50 48.549 53.646 102.190 41 .296 53.646 94 .942
PM-6-240 1.031 84 .50 53.207 15.669 68.876 46.758 15.669 62.427
•fv » actual stress in stirru >s as measure d
TABLE A.7
2
9
0
- 214 -
'B e n o c tt /  T J -e b c u tu y  ( i 3 T f )
2 Wo
S t-
G ■+■ •!— 1 *+~ #■
/ K Z  - f c -240
S o u ,— J/ 8 ' 5  F f y r n 2  
t f r n -  1  ,  ,0 &2yJcu ~ 32-3A//mm 
„ W e r / € S f r i S £  = H 3 - W  /O A T
F o m fT o p )
f y  - y /8  Jify/rt/H
Stress jo fyP3 JO/res Suce. to fy/ecCre. p/es/ress^ 
= 2 x 3 8 ' s ’
= 5bO 'S  N /m m z
L-et fh i s tra in  /n  the to/re fhodano) du£ -fo -e fyo tite  
p rts irts s  = 6sp <• y/
Csp = /7 9 '3 ¥  A JO3 K /
2 a  3 8 -S 200X10?
- 0-003°)
L-e t th e  s tra in  jn. th e . tu /re  r-o/rS- otcct to  
tenchm  = Fs
L e t the , s frcu s i m the  bo ttom , prestr&ssjoq 
ro u t, = 6-st d
, ' - £ s t ~ Fs f- t~sp
= Bs -r 0'OO33
S c, ~ Sircun, /n. Concrete 
=  O '0095-
- 215 -
let 65 = 0-0028
0-0028 238-da
0-0025 . ~ &Fl
0-O025 298
dn. =■ /£>S-S&
■' ■ Fscujv <&£, Sompe&ss/on S2&1 Level
=" 0 ' O O 3 S ~ *  /3 3 'S ~ 6 >
JbS'SG
~ 0 ' 0 0 2 8
& W O  //I 7bp W/AC = (-£€>0 -1®  + 0-0028 «20OjOOo)
= ~ 5 b O - //d  ~h 5 6 0
2 2  o
* o m LevT^. =
H o r t -
2 0 0 0
ij± g _
r t y / B
2ooo
3 y 6 N/m/n
, Fc steel = /  kJL k 6 a 3-v o
V
=  / 9 S 0 6  A /
I5Z
luxxsct/esit Oin. Fop Ufl/JcWl- ooonp 0^ 557Opl 
r/ ( , S - 5 & A O - 3  7 7
= 7/78) -OP xn/n.
6sb o f bottom  p/oof/oss/nq /poo  
= 7 0 - 0 0 3 9  -t- e> '0 0 2 &  07 
= 0 -0 0 0 7
.. J<= 0 'ftj-yx  O'OO&J
'  & -0069
= D'777 X '7 2 0
- '3 3 6  A '/w /r f 
'
F  = O x 33 -S  ~t~ f / x j r  x / 0  a 7/0
¥
—  7/37300 A7
I of at
V u  ^
■<stAexz. tens/fe sfeoL - 57306 m/n
0  X  3 8 3  A /7 20  3 /QQx TTa 5 9 3  
s y s ' O z ,
/ O O O
Ac, -  /5ZX57 = 7751
(/SZ13l)xJZ =  ' / 2 / g
§6-0X 57 -  //3&Q  
73350, 
F o  = / 3 3 , 5 6  x  0 - 6 7 X  7 8 ‘ 5
-  7 3 7 0 0 0 7 /
f i c z  ~
A c5  - -
o & ftssu sn p F o n  0>tC.
- 217 -
C b  < s j  F c o n c  =  77.52 A 25-^ i -  1 2 / B  x j /2- j L  X ^ 3 0 . )  * ' & ]
1335(2 
i  J /38&  ( O3 7l-# 6 ' Q ^
73356
-  /jf o m . ~ to p j
:. Mol = 1/3/000038-5/2) 7- 13566 0383$)
■105^58f i- SjZoy;5se> 
-= I/O, 783,373 A//71/71
z  =  HO 788,878 
1/53568 
- 2// '20 M M
M'€Clo/Cbnc = 2  3/80 m>n ^ 
8^ 1 6 b /
/a —  6  a  38‘S -f  3 / 8 'S O
* 231/80
O' 0232
J > .  -  57 /- 2/-12
7 5  s n / t t
)C ■= / / 1 0  6 6
V  O'0/3ZMO&<2>
0'91
Vu- 0-67X238 x£0'3/z y 75-t 0-3* non#-/ -5/
=  52352 /V
$i€2/ C2>/T$)J)U(t62> ■=■ 0'727 238x5'/ x 1-2
=  / S - l  7 5 2  
. ' . f a  - 6 5 / 2 7 /
V 
ca
lc
ul
at
ed
 
KN
- 218 -
B E N N E T T  & D EB AIKY
125
. EQ 2£ 3 
*  CP110100
75
50
25
0
100 125755025
V test KN
FIGURE A.11
- 219 -
TABULATED RESULTS AND GRAPHS CALCULATED 
FROM SWAMY & BANDYOPADHYAY1S EXERIMENTAL 
FINDINGS
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CALCULATIONS FROM KIRMAIR'S FINDINGS
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APPENDIX B - ULTIMATE STRENGTH ENVELOPES 
Ottosen (1977) and Willam/Warnke (1974)
State of Stress
The stress vector is defined by:
(B.l) £im S ” AA->0
A£
AA
AA = element of area
Ap = oriented amount of force on AA
The projection of the stress vector in direction of 
the normal n characterizing the stressed area (Figure B.6).
(B. 2) o = s n n
is called normal stress, whereas the remaining component 
parallel to the area and perpendicular to n is called shear 
stress.
(B. 3) 
where
x = - a :n n
i ->
s = I s
From equilibrium conditions - taking corresponding 
areas into account - it follows that (Figure B.7)
(B. 4) CT11 al2 a13
r \ 
ni
a21 a22 a23 *1 n2
_^ 31 a32 a33_ n3C J
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O £
(B. 5) 
where
a . = a . .
1  id n
= components of stress vector on A in direction 
of the unit base vectors (Figure B.7)
= components of the stress tensor
n^ = components of the unit normal on A
Within a priori chosen system of base vectors g^ it
is always possible to find three perpendicular directions 
(n )n , n =  1, 2 , 3 so that the stress tensor may be 
exclusively represented by normal components in these 
principal directions.
(B.7)
or
(B. 8)
For each direction n = 1, 2, 3 there must be
(n)(B. 6) all °12 °13 n l
(n) V
a21 °22 °23 < n2 ii >• S
' '■w
*
n2 -
a31 ° 32 °33 n3 
, •
n3
. *
„ (n) _ a . . . n . = 
ID i
x (n) . n .l
~ , (n) 
ii a12 Q OJ
1
V
a21 a22 - x (n) a23 -<n2 ►
°31 a32
rr \ ^
33 X n3.
(n)
= 0
(B. 9) (a . . -  5.  . A)
ID ID
n .l = 0
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This system (equation B.8) of three homogeneous 
linear equations gives three solutions A ^ ,  A ^ ,  A^^ 
different from zero only if the determinant of coefficients 
is zero
(B. 10) all X a12
21
31
a22 X
13
23
a32 a33 X
= 0
(B.ll) a. . - 6. .A = 0
13 13
or
(B. 12) A3 - [h]
A2 - A - C1?] = o
As these principal stresses A ^ ,  A ^ ,  A ^  - normal 
stress representation of the stress tensor - are independent 
of the choice of coordinates, as may be accepted by physical 
reasoning the coefficients must be independent too.
Therefore, they must be invariants with respect to the 
coordinate system.
(n)Having calculated A from equation B.12 the correspondin 
(n )eigen vectors n may always be found from equation B.8. Thus 
it is possible to represent any stress vector:
(B.13) all' a12' a13 *
a21' a22' a23 *
a31' a32' a33'
in a system g^'
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by
(B.14) Q1 0 0
0 ° 2 0
, -*■ i •> (n)m  a system g^, g^ ||n
0 0 ° 3
In this space of the principal stresses the invariants 
may be given as:
(B. 15) 1^ — 0  ^ + o 2 + 03
I2 = - (0l a 2 + a2 a3 + a3
I3 °1'°2'°3
The mean value of the normal stresses:
(B.16) 0 = -j (0i;l + 022 + 023) (01 + 02 + cj3) ^ X 1
is called "hydrostatic stress".
To describe material properties it is often advantageous 
to decompose the stress tensor S = 0^  into the spherical 
tensor:
(B.17) 0 0 0
S = 0 0 0 0
0 0 0
and the according deviatoric tensor 
(B.18)
S = =
all a12 a13 0 0 0
a21 a22 a23
- 0 0 0
_Q31 a32 a33_
0 0 0
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(B.19) *11 *12 Q 
1
1—1 w 
1
*1 0 0
S = a21 a22 a23 . = 0 ° 2 0
a31 a32 ° 3 3 0 0 *3
These principal deviatoric stresses may be defined 
by the cubic equation:
(B.20) X3 - J2 - J3 = 0
where the invariants J. of the deviatoric stress tensor
i
are expressed by:
(B.21) J = 0
J2 2 a^l +  ° 2  +  ° 3  ^
(a1 - cf 2)2 + (a2 - a3)2 + (03 - c^ ) 2
J3 al ° 2  ° 3
The deviatoric plane in the principal stress space 
is defined by its surface normal:
-»■(B.22) n = i (g + g9 + g~) ;
/ 3
=  1
which coincides with the direction of the hydrostatic axis
(Figure B.3). Therefore, the stress vector s q according to 
the deviatoric plane must be:
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(B.23)
s
C1 0
2
0 o
n
or
(B•24) i Q [0,-g, + °2-g2 + a3-g3J
Its normal component perpendicular to the deviatoric 
plane, the so-called octahedral stress is:
(B.25) a = §" . n = i ( o , + + c r _ )  =  4  Io o 3 1  2 3 3 1
and the corresponding octahedral shear stress (equation B.3)
(B.26) t  = /s 2 - a  2 where *S = Is o v o o o 1 o
= / i  (ol2 + ° 2  + °32) " I  (ol + °2 + °3)
=  T  ’/ (ol " a2)J + (o2 a3)2 + (a3 - 0l)2
(B.27) t I  J 2
Wiile a , t  characterize a given stress situation at o o 3
a special point,, every point in the stress space may be 
described by a position vector r
(B. 28) r = a-L-g-L + ° 2 ' ^ 2  + *3*^3
This vector may always be decomposed in a vector A.n 
in the direction of the hydrostatic axis and a vector 
B.X, \t\ = 1 orthagonal to n in the deviatoric plane:
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(B.29) r ~ A.n + B.X
With n.n = 1 and n.X = 0, we get:
(B.30) A = r.n =  — (a, + a9 + a9)
/3
A comparison with equation B.25 further gives the 
result:
_
(B. 31) A = —  = /3 . a
,/r °
The magnitude of vector B.X can be calculated by:
(B. 32) B = / 1 r 12 - A2
B = / { a l 2' + °22 + °32) " I (al + °2 + a3)
t/ 3Multiplication by — and comparison with equations
/3B.26 and B.27 shows:
(B. 33) B = /3 . ,  \  = /3 . t = /2 ./ 3 2 o 2
With B the length of BX is given, but not yet its 
direction e within the deviatoric plane (Figure B.8).
As the p r o j e c t i o n s o f  onto the deviatoric plane
are:
(B• 34) » i = / 3  «i
- 241
there is, according to Figure B .8
OB1 = B.cos 0 = o^
(a^ = deviatoric component of stress tensor
equation B.19)
and therefore:
/2J2 cos 6 = y ~  o^
/2J“ cos(6O°-0) = ~
cos (6O°+0 ) = - a
a2
3 -
3
or by multiplication of these three values:
&
2/2 . J2 cos 0. cos(6O°-0). cos(6O°+0)
= 1  / I  J 2 / 2 * u3
2/2 . cos 30 = l / f  * J3
so that
3 / 3  3(B.35) cos 30 = * *
2 - J2%
a result which shows that cos 30 is also an invariant
Then in general a failure surface in the principal 
stress space may be given as:
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f(r) - gx (a1, o2, a3) = 0
g2 (ao' To' COS 36  ^ = 0
or g 3 (I ^ , J  2 1 *^2  ^ ^
Sometimes it is very suitable to use the so-called 
Rendulic plane which includes the hydrostatic axis and one 
coordinate axis and two other important directrices of the 
ultimate strength surface, the compression curve, which is 
given by:
al  =  °2 > °3 
and characterised by:
A
f3t' f2t' fc 
and the tension curve, which is given by:
°1 = °2 > °3
and characterised by:
■F -F -F 
3t' rt' 2c
Figure B.2 gives a representation of these two 
characteristic curves in a form:
= f (/2T — /^ T . a2)
Alternatively, the failure surface may also be 
represented by meridians e = constant, giving t0 = f (aQ) 
(Figure B.9).
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FIGURE B.5 - Polar Figure
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FIGURE B.8 - Stress components in deviatoric plane
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a) Deviatoric Plane
Nonlineariiy
Meridian
b) Meridian Plane
FIGURE B.9 - Contour lines of nonlinearity
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APPENDIX C - OTTOSEN'S CONSTITUTIVE MODEL - CEB Task Group 
"Concrete under Multiaxial State of Stresses" (1982)
The constitutive model is based on non-linear elasticity
of the finite type (equation (f) page 154), where the secant
value of Young's modulus E and of Poisson's ratio v ares s
dependent on the actual state of loading.
Use of the constitutive model can conveniently be 
divided into four steps: 1) calibration; 2) nonlinearity index; 
3) secant value of Young's modulus; and 4) secant value of 
Poisson's ratio.
Calibration
The model is calibrated by the following uniaxial
data:
E^ initial Young's modulus
initial Poisson's ratio
£ , f ^  uniaxial compressive and tensile strengths. These
strength parameters are here assumed to calibrate the
adopted failure criterion, cf. below
e strain corresponding to fc c
D post-failure parameter describing strain softening,
cf. below
The model has to be augmented by any realistic failure 
criterion as defined in
and a failure mode criterion to distinguish whether crushing 
or cleavage occurs at failure. When using a smooth failure 
surface, cracking can be assumed to occur, if the failure 
criterion is violated and if
(C.l) ax > ft/2
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applies. The stress state in question is given by the 
principal stresses o g2 and g^, where g1  ^ a2 £ applies
Nonlinearity index 3
To determine the severity of the actual stress state use 
is made on the nonlinearity index. In general this index 
relates the actual stress state to the failure surface given 
by the failure criterion.
If no tensile stresses exist the nonlinearity index is 
defined by:
° 3(C.2a) 3 =
a3f
where:
= actual most compressive principal stress 
a3f = corresPon(^ in9 failure value for unchanged g^ 
and a2. i.e. the stress state (a^,g2,g^^) 
satisfies the failure criterion.
If tensile stresses are present, i.e. at least g  ^ > 0 
holds, the nonlinearity index is defined by:
°3 1(C.2b) 3 =
a3'f
where:
( a j ,  0*2 r cr ^ ) = ( 0 /  a 2 -  olf a 3 -  g . ^
°2f = failure value of g^ for unchanged gJ and g^.
i.e. the stress state ( g J ,  g 2 ,  a 3 f )  satisfies 
the failure criterion
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For stress states not including tensile stresses 
o < 3 < 1, 3 = 1, 3 < 1 corresponds to stress states inside, 
on, and outside the failure surface, respectively. When 
tensile stresses are present, 3 < 1 holds even at failure.
Secant value of Young's modulus E_
a) Determine the secant value of Young’s modulus at 
failure Er
Define k by:
(C. 3) k =
where:
A
1
/3
= failure value of this invariant for 
the failure stress state related to 
: the determination of the nonlinearity 
index, (C.2a) and (C.2b)
For uniaxial compressive loading k = o applies
If k ^ o then 
(C.4a) E, =
E
1 + 4  (A - 1) -k
where Ec is the secant value of Young's modulus at 
failure for uniaxial compressive loading, i.e.
Ec = lfcl//£c and where:
(C.5) A = E ./E (we must have A 4/3)I. c
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If k < o then
(C.4b) E* = E f c
b) Choose the post-failure parameter D
The following restrictions must hold for D:
\
(l-A/2)2  ^ D ^ 1 + A (A-2) when A < 2 
0 ^ D ^ 1 when A > 2
The greater the D-value the more ductile is the 
post-failure behaviour.
c) Calculate the secant value of Young's modulus Eg 
(C.6) Es .= i E - g (i E. - Ef)
| E. - p (| E. - Ef) 2+ Ef2 D(1 - 3) “1
in which the positive and the negative signs apply to 
the ascending or descending part of the stress-strain 
curves, respectively.
Because of lack of experimental results the post-failure 
behaviour of concrete for intermediate stress states with 
small tensile stresses - the nonlinearity index at 
failure being 3^ < 1 - where neither cracking nor 
crushing occurs, is represented as shown in Figure C.l.
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,0
Pf
0.6
P
0.2
MN
FIGURE C.l - Post-failure behaviour for intermediate stress 
states that do not result in cracking or 
compressive crushing of concrete
Where the descending branch of the curve is obtained 
by a translation of the part MN of the original post-failure 
curve.
Thus the secant value E can be determined b y :s u
“ •’ > ■. - EaA M r- E,„t (E», — E, ) f MN v M A
v/here E ^  is obtained by means of (C.6) using the negative 
sign and the actual value of 3- The constants E^ and E^ 
are also determined by (C.6) using the positive and negative 
sign, respectively, and using the failure value of 3/ i.e.
’f
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Secant value of Poisson's ratio v ------------------------------------ s
Up until failure the secant value of Poisson's ratio
v is defined by: s 2
(C.8a) v = v.s 1
(C.8b) vg = vf - (vf - v±) /l -
2
when 3 ^ 8 S.
when 3 £ 8„
with
> = 0 . 8  and c = 0.36a f
for all types of concrete.
Though little is known of the increase of vg in the
post-failure region, it may be approximated by the following
procedure. For two known subsequent values of Eg (i, i+1 -
denote two successive states of stress) and the known value
of v •/ the corresponding bulk moduli, assuming them to be s , 1
constant, are related by
E E . + 1s , l _ s , 1
s,i s,i 3(l-2v .) 3(l-2v* . + 1)
O  /  -L  o  f JL
from which v* . + 1 can be calculated,s, i
For .a decrease of Eg- values by steps of 5%, Ottosen 
simply puts:
(C.9) v . + 1 = 1.005-v* . + 1 
s,i s,i
to assure dilatation in the post-failure region 
It is obvious that:
v < 0.5 must hold, 
s
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Ultimate strength surface according to Ottosen
J2 2 ^ 1* + a22 + a32 ^
I1 = al + °2 + °3
J3 = 3 (013 + °23 + °33)
cos 30 =
%
X = K1-cos arccos (K2 cos 36) cos 30 > 0
X = K^.cos 77 12  ~ 2 arccos (- K2 cos 30) ; cos 30 £ 0
For 0.10 we may use A = 1.2759
B = 3.1962 
Kx = 11.7365 
K2 = 0.9801
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For other values of refer to "A Failure Criterion
for Concrete" by N.S. Ottosen, Journal of the Mechanical 
Division, ASCE, August 1977.
- 254 -
APPENDIX D - CEDOLIN1S CONSTITUTIVE MODEL - CEB Task Group 
"Concrete under Multiaxial State of Stresses" (1982)
Constitutive Law for Plane Stress States
An isotropic constitutive law, expressed through the 
secant bulk and shear moduli of elasticity, has been 
developed for plane stress states by L. Cedolin and M.G. Mulas 
(1981,1983). It is characterised by being explicit, i.e. by 
expressing stresses as nonlinear functions of strains only, 
so that there is no need for the solution of nonlinear 
problems typical of implicit fbrmulations. In this way the 
simplicity of use, principal advantage of secant formulations, 
is fully exploited.
In this constitutive law, tjie bulk and shear moduli of 
s selasticity K G are expressed as nonlinear functions of the 
octahedral normal and shear components of strain gq and y Q , 
i.e. of the first two invariants of the strain tensor 
(defined, for simplicity, in terms of the in-plane principal 
strains and and the transversal strain £3)* This procedure
which appears to be physically justified, has the disadvantage 
of requiring the consideration of e3, which is normally 
condensed out in linear biaxial problems. However, in 
this respect, the explicitness of the formulation has
been conserved, by expressing e^ in terms of an empirical 
function f(e^, £2) of the in-plane strain components.
The resulting biaxial algebraic relationship between 
in-plane principal stresses o ^ ,  a 2 an(^  strains e^, £ 2  / reads
(D.l) °i
°2
Kg (l+£)+ | Gs (2-f) (Ks- | Gs) (1+f) e 1
(Ks" I Gs> (1+f) Ks (l+f)+ § Gs (2-f) e2
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The notations used here correspond with the notations 
adopted on pages 145, 146 and 147 and are as follows:
(D. 2) e e y 2vo ' ro
K + KS G GSs s
The only possibility of confusion is due to the fact 
that in the list of notations, the "engineering" definition
of the shear strain has been adopted.
(D. 3) y = ~ £2^2 + ^z 2 " e3^ + e^3 “ el^2
while
(D. 4) e = -i f  i
By fitting the experimental results of Kupfer,
Hilsdorf and Rusch (1969) through the use of a nonlinear 
optimisation procedure, the following expressions have been 
derived.
The shear modulus has been expressed as a function 
of the octahedral shear strain only:
(D.5) G = s
1 + (r,y) 0.5
where G is the initial shear modulus and r, and r~ are o 1 2
expressed as a function of the uniaxial compressive strength
f'c
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(D.6) rx a ^ f ^ )  ; r2 a3 + a4 f'c >
a ± = 0.7093 x 106 ; a2 = 1.167 } a3 = 1.654
a4 = 0.7773 x 10~3;
The bulk modulus has been expressed as a function of 
both octahedral normal and shear components of strain, in 
order to properly take into account the inelastic compaction 
and the inelastic dilatancy.
<D'7) K [l + g ( y c) + h (*fj
K = c
S i -  S.
where
j~l + (- Sj^ e) 2 0.07
(D*Q) s i  + b2 f 'c ' S2 b3 + b4 f 'c
bx = 0.9115 x 104; b2 = " °*1104 x 1q2>
b3 = 8.612 i b4 = - 0.01
(JL) y
and g y and h (JL) are functions which express the already
C  0
mentioned effect of shear strain. The rationale behind them
is given in the reference papers. It is only worth mentioning
here that y is the shear strain at the onset of inelastic c
dilatancy. The following expression has been selected for g
(D.9) g = (p - p2) (-M*- px (-£-)
c y c
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where
( d . i o ) y c  =  q 1 + q 2 E; Pj. =  q 3 + q 4 E; p 2 = q 5 + q 6 E ;
ql cl+c2f 'c+c3*f 'c)2' q2 c4+c5f 'c+c6 'c^2 '
q3 = c7+c8f'c ; q4 = c9+ciof,c+cn (f,c)2 ;
Qc  =  C n + C . , f '^5 12 13 c
= 0.2444 X  10
; q6 Cl4+C15f 'c+C16(f'c)2; 
~2  -4; c = -0.1045 x 10 
2
c3 = 0.141 x 10 ; = 0.3207
c5 = -0.2282 x 10 1 } c6 = 0.2929 x 10 4
c? = 0.8489 ; Cg = -0 .4281 x 10 *-3
Cg = -0.8519 x 10' ; c = 8.205
C11 = ~°*9145 x 10 2 t ci2 = °*9327
c 3 = -0.1283 x 10”2 ; cl4 = a.2329 x 103
C15 = 2 ‘3^3 ; c^g = -0.4512 x 10
- 2
The following expression has been selected for the function h
(D. 11) h P) = t (- jtt X ) 2e 1 10 e
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where
(D. 12) tl = c1? + clgf c, t2 = cig + c20f c + c (f c)» /
c17 = 0.3822 ; clg = - 0.3299 x 10~3; c19 = 6.341;
C20 = ” x *0 1' c2i = °*3134 x 10 4
Finally, the following expression has been determined for 
determining e3 as a function of and £2 .
(D.13) = + *^el' e2^
- W1(D.14) f(e , e9) = ------------ ±----- ---- —
1 Z r~ £ ,  —r Wo
1 - ; (Ei + e2)5(^
where
(D.15) 5(-^) = w3 + w4 ^  + w5 ( ^ V  + w (-^)3
2 2 2 2
and
(D.16) W;L = d1+d2f 'c > w2 = d3+d4f*c ; W 3 = d5+dgf'c ;
w4 = d7+d8f ’c ; W 5 = d9+d10f,c /  W6 = dll+dl2f V
dx = 0. 3832 x l 0 ”2 ; d2 = 0.3138xl0“3; d3 = -0.1463 ;
d4 = 0.1503 x 10“2 ; d5 = 0.1398 x l 0 3 ; dg = 0 .8742 x 10”1 ;
d? = -0.2524 x 103; d Q = 0.4419X10”1; d g = 0.5l41xl03 ;
d1Q = 0.5482 ; d ^  = -0.3164xl03; dl2 = 0.5028
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The number of parameters used in the present formulation 
may seem large. First of all, however, it must be pointed 
our that the multiaxial constitutive relations are usually 
used in computer codes, for which the number of constant 
is irrelevant. Furthermore, it is much less time consuming 
and safer than the computation of an expression depending on 
several parameters requiring iteration.of a simpler but 
implicit formulation. The values found for the various 
parameters of an explicit formulation through the already 
mentioned non-linear optimisation procedure represent the 
result of a numerical work which.is done once and for all.
The present constitutive relation depends only on the initial 
elastic moduli of the concrete aind its compressive strength.
Appendix D.l - Experimental Verification
a
Figure D.l illustrates experimental results for low, 
medium and high concrete strengths and the relationships 
between deviatoric stresses and strains as well as those 
between secar shear modulus and strains. Figure D.2 deals 
in a similar way with relationships between octahedral normal 
stresses and strains and bulk modulus with respect to normal 
strains. Figure D.3 deals again with the topics of Figure D.l 
where solid lines represent the use of the expression:
Figure D.4 shows the scatter of the theoretical bulk and shear
calculated from the experimental investigations by Kupfer,
Hilsdorf and Rusch (1969), indicated as K ,, and G' s, theor s,theor
G equation D.5
moduli Ks ,theor and Gs,theor with respect to the values
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Figure D.5 returns again to the topics dealt with in 
Figure D.l with solid lines representing the use of the 
expression:
K
K_ = -t------------ ~rQ— 07 ~ equation D.4s
Figure D .6 plots the strain histories of experimental results 
compared to an approximate expression of Figure 7 has
a further comparison between experimental and theoretical 
values for secant bulk modulus.
Figure D .8 represents the comparison between the 
experimental and calculated values of e^. It can be seen 
clearly that the calculated values are exceptionally close 
to the experimental results.
Finally, Figure D.9 compares experimental and predicted 
results in terms of in plane principal stresses and strains.
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Derivation of Equation D.l
A triaxial linear isotropic relationship can be 
written in matrix form through the bulk and shear moduli 
as follows:
'°i
1 1 T “ 2 “1 -f ei
0 n K 1 1 1 + \  G -1 2 -12 s 3 s 2
a 3 1 1 1 -1 -1 2 e3> / L—
Introducing the empirical function: 
(2) £3 = ( £3 + e2 ) f ( , e2)
one can write:
(3) el 1 0
e 2 = 0 1
e 3 f f
Substituting equation (3) into equation (1) one obtains 
equation D.l.
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Alternative to equation D.7
If the effect of y on the expression of the bulk
modulus of elasticity K is neglected, a much simplers
expression could be obtained, given by:
K
(4) K =
s i -  V ~ -|
1 + ( V x £ )
0.007
where .fl fl
(5) vx = e 1 + e2 (kg/cm2) f v2 = e3 + e4 (kg/cm2);
e 1 = - 0.3253 x 105 ; e2 = 0.4336 x 102 ;
e3 = 5.778 > e 4 =  ~ 0.7289 x 10-2
Derivation of equation D.7
At low load levels, the presence of y increases the
compressibility of the ^material (inelastic compaction, K
decreases), while at load levels close to failure produces
'an increase of volume (inelastic dilatancy, K increases).
ycs
This can be expressed through a function g(— ), where yy c
is the value of y at the onset of inelastic dilatancy, and 
a function h (■-) . A linear expression has been selected for 
Yc (see Figure D.6).
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FIGURE D.
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FIGURE D.2 - Experimental Results Expressed in Terms of
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FIGURE D.
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FIGURE D.4 - Statistical Analysis of Results for Different Expressions
(a) G — s 1 + (r^ y) 0.5
- equation D.5
b) K =
1 + (VjE) 2 0.07
- equation D.4
c) K =
K [1 + g (y/y ) + h (y/eO o c
1 + (-s^) 2 0.07
equation D.7, only points until 
onset inelastic dilatancy
d) K =
Ko i + g (y/yc) + h (y/e)
1 + (“SjE) 2
0.07 - equation D.7, all data points
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APPENDIX E - GERSTLE & ASCHL1S Constitutive Equations for 
Proportional Short Time Loading with Triaxial Stress States..* 
CEB Task Group "Concrete under Multiaxial State of Stresses"
Calculation of Strength
Concrete strength at triaxial stress states can be 
represented by the strength envelope as shown in Figure 
E.l. The following formulas are based on the Wiliam and 
Warnke Criterion, which determines the shape of the strength 
envelope by two parabolic generators ^ an(^  Tou i  along 
angles e = 0° (path 3) and 0 = 60° (path 1).
( t 3 = ) t o u  3 = ao + al °o + a2 Oo2 for 0 = °°
(t1=)tou 1 = bo + b l °o + b2 a o for 6 = 60°
Results of uniaxial compression and tension strength 
tests, equibiaxial compression - compression and tension -
tension strength tests and triaxial strength tests have to
be used to determine the coefficients. Equibiaxial tension 
strength and equitriaxial tension strength may be defined as 
the uniaxial tension strength. The coefficients can be , 
determined for each type and quality of concrete from 
appropriately chosen experimental test results.
Between these generators, the strength envelope in any 
octahedral plane is composed of elliptical segments defined 
by:
2T^(T^2-Tg2)cos 6 +t^(2t^-T2)^4 (t^2-T32)cos2 0 +5t22~4t^T3 
Tou 4 (t^2-t^2)cos20+(t^-2t2)2
in which t , = t  , , xn =  t  -w  1 ou 1' 3 ou 3'
0 < 6 < 60° and
a. + a9 - 2 
cos e = -------------     —
/2. / (g1“G2)2 + ( ° 2 ~ ° 3*  ^ * (a3”ai2)
1+k(for biaxial stress states: cos 0 = ---------
2/1-k+k2
with k = a2 / ° \ )
Calculation of Stress-Strain Behaviour
Stress-strain behaviour of concrete at triaxial stress
states can be calculated by classical elasticity of isotropic
materials. The volumetric quantities g q  and e q  are related
by the bulk modulus K and the deviatoric stress and strain
t q  and y  by the shear modulus G. An additional coupling
effect between deviatoric stress t and volume change e iso 3 o
represented by the coupling modulus H.
The incremental form for calculation of strains by 
incremental stresses is given with the following formulas:
Ae , =  Ae + C . Ay 1 o o
A e ^ =  Ae + B.C. Ay^ 2 o o
Ae0 = Ae^ - (B+l),C. Ay 3 o o
* O , . T. ., A o + A owith Ae =° 3 t  H .
o ■<-a o )
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Aao = —
3  /  i V ‘ ’ 2)! t (‘ V 4°3),+ (lJ3-1V !
A A 0r> _ A 2 - A oJ3 — ’ '
Ao 1 — .aA 1 A o
C = 4 12 1+B+B'
G (* ) “ Go ^ T 2 -)o  OU
H (a ) = (1° + -103 [MN/m2I]for a >15 MN/m3
o ao °
H(a j = » for ctq <_ 15 MN/m3
a
K , , =  K ( 1  -  - £ )(a ) o 6
o
E
K  =  °o 3(1-2 vQ)
E
G =o 2 (1+ v )o
Initial modulus of elasticity EQ and initial Poisson's 
ratio v may be determined by tests or calculated with 
vQ = 0.20 and Eq according to CEB/FIP rules:
12 16 20 25 30 35 40 45 50
E [MN/mg 26 27.5 29 30.5 32 33.5 35 36 37
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FIGURE E.l - Octahedral Stress System
